
  

  
Abstract—In functional imaging, the modeling of emission ray 

attenuation and scattering during reconstruction can greatly 
improve image quality. Proper modeling of these effects in the 
forward projection step of iterative algorithms, such as OS-EM, 
can yield a significantly more accurate estimate of the required 
grid correction in the subsequent back projection step. This, in 
turn, leads to faster and more accurate reconstruction of the 
emission image. Graphics hardware boards (GPUs) have 
recently emerged as a powerful and affordable means to 
accelerate many 3D tomographic reconstruction algorithms, 
both analytical and iterative. This paper presents an efficient 
and GPU-amenable method that incorporates attenuation and 
scattering modeling into these. 
 

Index Terms—Computed Tomography, Emission 
Tomography, Iterative Algorithms 
 

I. INTRODUCTION 

HILE in transmission tomography the objective is to 
reconstruct a 3D image (volume) of the object’s X-ray 

attenuation properties, using an external radiation source, in 
emission tomography one seeks to reconstruct the (internal) 
radiation  sources themselves. This gives rise to a very 
different (projection) image generation scenario, somewhat 
reminiscent to volume rendering with self-emitting particles. 
The projection scenario is different since, depending on their 
distance from the detector, local emissions can have varied 
impacts on the projection image, since they potentially lose 
different amounts of energy on their paths across the tissue to 
the detector. These attenuation variations can be significant 
and must be incorporated into the weight matrix [3].  

Another source of error are the scattering events occurring 
along the photon paths [2]. These are mostly due to photon 
interactions with the traversed tissue, leading to stray photons 
that are eventually counted in detector bins neighboring the 
intended one. Here, the amount of detector blurring a 
particular emission site causes is influenced by the local 
scattering properties of the traversed tissue as well as the 
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distance of this site to the detector. The most appropriate 
technique to model scattering is a Monte-Carlo simulation, 
using the current reconstruction instance as the source. 
However, such a simulation is (currently) computationally 
infeasible to conduct within an iterative procedure, at least 
when it comes to clinical routine. A good approximation can 
be obtained by the slice-by-slice blurring method that has 
been proposed for emission CT [1] as well as for volume 
rendering [4]. In both approaches, the blurring is guided by 
the local scattering properties of the tissue. The scattering as 
well as the attenuation modeling rely on the existence of a 
prior CT scan to provide an estimate of the attenuation and 
scattering properties of the tissue. 

Commodity graphics hardware boards (GPUs) have 
achieved remarkable speedups in various disciplines of 
Computed Tomography (CT).  Their programmability allows 
even complex schemes to be fully accelerated in their 
pipelined multi-processor array. Peak performances of 500 
GFlops (109 floating point operations/s) and more are now 
possible on a single PC equipped with a board that is 
available in every computer outlet for less than $500. 
Although the trend is currently towards generalizing these 
architectures to general purpose computing within the SIMD 
(Same Instruction Multiple Data) data processing paradigm, 
adhering to the native graphics (hardwired) pipeline facilities 
and strategies can be advantageous in CT reconstruction. For 
example, we have recently shown [5] that a 5123 full floating 
point precision volume can be reconstructed (using 
Feldkamp’s filtered back-projection algorithm) from 360 X-
ray projections oriented in general position in less than 9s. In 
less recent work [6] we have also described a general 
framework that expresses a popular set of analytical and 
iterative reconstruction algorithms in a form that resonates 
well with the underlying architecture and programming 
model of GPUs. However, that paper did not address the 
specific GPU-implementation aspects of emission 
reconstruction with proper modeling of attenuation and 
scattering effects. These are now described in this paper. 

The outline of our paper is as follows. In Section 2, we 
describe our method from a more theoretical angle, and in 
Section 3 we provide implementation details. Section 4 
present our results, and Section 5 ends with conclusions.  
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II. THEORETICAL CONSIDERATIONS 

  The figure below illustrates the effects we attempt to 
model: attenuation and scattering. For the former we use the 
standard volume rendering integral. Here, s parameterizes a 
linear ray terminating in a given detector bin p. The ray 
integrates emissions c along its path, subsequently attenuated 
by the encountered attenuations μ.. 

 

0

1

0

( )

0

( )/ / 1
( )

00 0

( ) 

( ) ( ) 

s

t

i

j

l t dt

s

j sL s L s i
j s

ji i

p c s e ds

c i s e c i s e

μ

μ
μ

=

−

=

−

=

− ΔΔ Δ −
− Δ

== =

∫
=

∑
≈ Δ = Δ

∫

∑ ∑ Π

 

The second part of this equation 
approximates this integral as a 
sequence of equidistant 
interpolations, Δs apart.  

To describe the 
(approximate, non-Monte 
Carlo) technique used to model 
the scattering, let us first consider a scattering event in a 
differential volume patch dV. Here, depending on the patch’s 
scatter properties, a ray of photons suffers some amount of 
diffusion, which can be modeled by a suitable diffusion 
function kernel, such as a box, tent, or Gaussian, where the 
extent of this kernel is determined by the amount of local 
scattering potential, estimated from a map indexed by the 
underlying CT data. This local model can be extended to a 
global one by recursion, where a detector-aligned slice buffer 
is advanced step-by-step from the rear of the volume to the 
detector, and the scatter-diffusion process is modeled, at each 
such step, by convolving the slice image with a variable-
extent blurring function. Here, the size of the filter is 
dependent on the local scattering properties (higher scattering 
coefficients widen the filter). Also at each step, an emission 
volume slice is interpolated and added to the advancing slice 
buffer. In fact, this scheme can be combined with the 
attenuation modeling, as we shall show in Section III. 

Modeling these effects in the forward projection provides a 
better estimate of the actual image generation process, given 
the current state of the emission volume under reconstruction. 
This in turn provides a better estimate of the required grid 
correction for back-projection (which favors reconstruction 
speed and quality). This estimate can then be back-projected 
via regular means (without modeling attenuation and 
scattering effects) or by including these effects. The former 
leads to the concept of unmatched projector/back-projector 
pair, which has been frequently used. We have also found the 
reconstructions to be of higher quality with the unmatched 
scheme, at least for our (relatively simple) phantom, but we 
will provide implementation details and results for the 
matched projector/back-projector pair as well. 

III. IMPLEMENTATION DETAILS 

We first reformulate the above attenuation equation into a 
framework more convenient for implementation on graphics 
hardware. Using a Taylor expansion we get: 
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  Now normalizing all CT density μ values into a range 
[0.0, 1.0] we obtain the following recursive expression: 

c (1 )b b f f b f fc c c t cμ= − + = +  

In volume rendering, this 
is called back-to-front 
compositing. The new (back) 
emission cb is calculated by 
adding the previous back 
emission cb to the newly 
interpolated front emission cf. 
But before it is added it must be attenuated by the interpolated 
transparency tf at this point (note, the higher the attenuation, 
the lower the transparency). An alternative form is front-to-
back compositing: 

    (1 )f f b f f f b f bc c c t t t t tμ= + = − =   

For this we need to keep two advancing buffers., one for 
the advancing transparency, tf, and one for the advancing 
emission front, cf (now cb is the currently interpolated 
emission). First the emission buffer is updated, then the 
transparency buffer. Since the effect of each transparency 
layer is multiplicative, a new (front) tf is formed by 
multiplying the present tf by the currently interpolated μb (in 
fact, (1-μb).  

Now combining this with the scattering yields the 
following implementation strategy, illustrated next, along 
with the respective algorithm. We first show the approach for 
projection, which uses the back-to-front compositing scheme: 

 

 

 

 

 

The back-projection, using front-to-back compositing is:    

 

 

 

 

 
 

Set emission buffer C=0 
Step back to front, at each step:  
   interpolate emission slice CS  
   interpolate transp. slice TS 
   blur C using TS 
   composite C = C ·TS + CS  

Initialize correction buffer C 
Step front to back, at each step:  
   spread (and add) C into the   
emission volume 
   interpolate transp. slice TS   
   blur C using TS 
   update C = C ·TS 
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A possible hardware implementation of this scheme would 
be to store the T (CT) volume and the C (emission) volume in 
3D textures and then use the detector-aligned 3D slicing for 
interpolation in the forward projection, and volume-slice 
aligned updates (volume writes) in the back-projection step. 
There are, however, some practical limitations to this scheme. 
These originate in the current lack of hardware support for 
efficient writes to a 3D texture. While Framebuffer objects 
(FBOs) provide this ability now for the latest GPU generation, 
this capability is still not optimized and not well supported by 
the hardware drivers. Even though one could perform the 
forward projection with a 3D texture and then switch to a 
stack of 2D textures for back-projection, the repeated data 
reformatting from 3D to 2D textures and back would be very 
expensive. We therefore propose a scheme that uses 2D 
texture stacks for both projection modes. In that respect, what 
needs to be resolved is the question if the 2D texture slice-
based forward projection can be made sufficiently accurate, 
compared to the true detector-aligned slicing shown in the 
figures above. We have designed a few schemes to that effect, 
which are described next. 
 The figure to the right 
shows the blurring kernel in 
the ideal detector-aligned 
buffer configuration. Here the 
recursive blurring (the red 
kernel) can occur at any 
arbitrary buffer (blue dashed 
lines) distance Δs (Δs=1 is 
reasonable). This is the 
configuration used when a 3D 
texture is interpolated.    

Next, the figure on the right 
shows the texture-slice (or 
axis) aligned situation 
(assuming the texture slice 
distance is 1). In this case the 
scattering will occur at a 
larger distance and therefore 
the width of the blurring 
kernel should be scaled up 
accordingly, that is, by a factor 
1/cosα, where α is the rotation 
angle of the detector.  

Due to the perspective (cone-
beam) distortion, the scattering 
on one side of the principal 
direction (here the right half-
cone as seen from the scattering 
source) will occur in a larger 
distance before entering the slice buffer than the other (the 
left half-cone), see the figure on the right. We can correct for 
this as well, by additionally scaling the two kernel side lobes 
according to their subtended half-cone volumes, V1 and V2.  

IV. RESULTS 

To validate the accuracy and performance of our GPU 
reconstruction framework, we used a PC equipped with an 
Athlon 2.2GHz CPU and a Geforce 8800 GTX graphics card. 
We employed a 3D phantom composed of a set of ellipsoids of 
varying emission values.   

Fig. 1 compares the slice-by-slice blurring results obtained 
with the detector-aligned vs. the axis-aligned projector for 
three orientations α: 0˚, 20˚, 40˚. Both simulations use the 
same scattering model and volume. Next to the projections we 
show the difference images and the intensity profile along the 
line indicated in the first image. A good fit is observed. We 
also computed the overall RMS error and found it to be 
between 1-2% of the maximum value in a projection. We 
conclude from this study that the axis-aligned projector is 
well suited for the recursive scatter simulation we use in our 
GPU-accelerated iterative emission reconstruction framework. 

Fig. 2 shows a set of representative projections obtained 
with our simulator, with emissions only, (E) emission with 
attenuation (E+A), emission with scattering (E+S), and 
emission with scattering and attenuation (E+S+A). Scattering 
creates substantially more blur, while attenuation weakens the 
projections of emissions traversing highly attenuating 
material, both with and without scattering. 

Fig 3 shows a representative slice from a 3D reconstruction 
of our phantom (10 SART iterations), for various modeling 
scenarios arranged into rows. The first column shows the 
reconstructed slice when the (row) effects are not modeled, 
while the second column shows the slice when modeling took 
place. In the final column we show the intensity profiles for 
the line indicated in the first image. We compare the original 
phantom profile (solid grey), the profile obtained when the 
effect has not been modeled (dotted) and the profile when the 
effect has been modeled (solid black). We see that in all cases 
the contrast is greatly improved, the features are sharper, and 
the profiles match the original better when the effect is 
modeled. We also observe that without attenuation/scattering 
(A+S) modeling, the small ellipsoid between the two large 
ones in the upper third of the phantom can not be detected.  

Finally, Table 1 compares our timing results. We observe 
that adding attenuation and scattering only to the projector 
(in an unmatched projector/back-projector reconstruction 
framework) has a relatively small impact on performance 
(less than a factor of 2). This verifies the observations of [1]. 
The results shown in Fig. 3 were all obtained with 
configuration. On the other hand, modeling these effects for 
the back-projection operator is about 10 times more 
expensive. Overall, it takes 5 times longer if attenuation and 
scattering are modeled in both he projection and back-
projection stages (in the matched projector/back-projector). 

 
Table I 

RECONSTRUCTION TIMINGS: 1283 VOLUME, 160 PROJECTIONS 
 Projection Backproj. 1 iter. 10 iter. 

Transmission CT 0.7s 0.7s 1.7s 18s 
Emission CT (matched) 1.2s 7.3s 8.7s 90s 

Emission CT (unmatched) 1.2s 0.7s 2.2s 23s 
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Figure 3. Reconstructions results obtained with different effects. E: emission; 
A: attenuation; S: scattering 
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Figure 1: Projection evaluation of detector and axis-aligned scattering models. 
Profiles: detector-aligned (solid),  axis aligned (dashed) projections

V. CONCLUSIONS 

We have demonstrated that attenuation 
and scattering effects as well as their 
compensation in iterative emission CT 
can be efficiently performed with GPUs. 
Unmatched operators are significantly 
more efficient and already seem effective 
to improve reconstruction quality in the 
presence of these effects. While the axis-
aligned projector appeared sufficient, 
future work will aim to include the 3D 
texture approach once it is better 
supported by the hardware. 

REFERENCES 
[1] C. Bai, G. Zeng. and G. Gullberg, “A slice-by-

slice blurring model and kernel evaluation using 
the Klein-Nishina formula for 3D scatter 
compensation in parallel and converging beam 
SPECT,“ Physics in Medicine and Biology, vol. 
45, pp. 1275-1307, 2000. 

[2] Z. Liang, T.G. Turkington, D.R. Gilland, R.J. 
Jaszczak, and R.E. Coleman, “Simultaneous compensation for attenuation, scatter and detector response for SPECT reconstruction in three dimensions,” Phys. 
Med. Biol., vol. 37, pp. 587- 603, 1992. 

[3] M.A. King, B.M.W. Tsui, and T.S. Pan, ”Attenuation compensation for cardiac single-photon emission computed tomographic imaging: Part 1, Impact of 
attenuation and methods of estimating attenuation maps,” J. Nucl. Cardiol.,vol.2, pp. 513-524, 1995. 

[4] J. Kniss, S. Premoze, C. Hansen, P. Shirley, and A. McPherson, "A model for volume lighting and modeling," IEEE Trans. on Visualization and Computer. 
Graphics,  vol. 9, no. 2, pp. 150-162, 2003. 

[5] K. Mueller, F. Xu, and N. Neophytou, "Why do GPUs work so well for acceleration of CT?," SPIE Electronic Imaging '07 San Jose, Jan. 2007. 
[6] F. Xu and K. Mueller, "Accelerating popular tomographic reconstruction algorithms on commodity PC graphics hardware," IEEE Trans. on Nuclear Science, 

vol. 52, no. 3, pp. 654-663, 2005. 
 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages false
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages false
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages false
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


