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Figure1: Harmonicvolumetricmappingfrom a solid polycubemodel(a)to thesolid Buddhamodel(b).(c) is thecolor-codeddistance�eld
of the Buddhainterior. This color-codeddistance�eld is transferredfrom the Buddhato the polycubemodelasshown in (d). (e) and(g)
show thetetrahedralmeshof thepolycubemodelwith two differentcross-sections.It is utilized to remeshthesolid Buddhamodel;andthe
resultsarevisualizedwith correspondingcross-sectionsin (f) and(h), respectively.

Abstract

Harmonicvolumetricmappingfor two solid objectsestablishesa
one-to-onesmoothcorrespondencebetweenthem. It �nds its ap-
plications in shaperegistrationand analysis,shaperetrieval, in-
formationreuse,andmaterial/texture transplant.In sharpcontrast
to harmonicsurfacemappingtechniques,little researchhasbeen
conductedfor designingvolumetricmappingalgorithmsdueto its
technicalchallenges.In thispaper, wedevelopanautomaticandef-
fective algorithmfor computingharmonicvolumetricmappingbe-
tweentwomodelsof thesametopology. Givenaboundarymapping
betweentwo models,the volumetric(interior) mappingis derived
by solving a linear systemconstructedfrom a boundarymethod
called the fundamentalsolution method. The mappingis repre-
sentedasa set of pointswith differentweightsin the vicinity of
thesolid boundary. In a nutshell,our algorithmis a truemeshless
method(with no needof speci�c connectivity) andthebehavior of
the interior region is directly determinedby the boundary. These
two propertieshelp improve the computationalef�ciency andro-
bustness.Therefore,our algorithmcanbeappliedto massive vol-
ume datasetswith variousgeometricprimitives and topological
types. We demonstratetheutility andef�cacy of our algorithmin
shaperegistration,informationreuse,deformationsequenceanaly-
sis,tetrahedralremeshingandsolid texturesynthesis.
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1 Intr oduction

With therapiddevelopmentof modern3D digital acquisitiontech-
niques,moreandmorevolumetricobjectsare routinely obtained
andstoredin shaperepositories.How to effectively analyze,com-
pare,andsearchtheseobjectsandreusetheir informationbecomes
atechnicalchallengein the�elds of graphics,vision,andcomputer
aidedgeometricdesign.Thedif�culties stemfrom thefactthat(1)
shapesof the modeledobjectsvary signi�cantly, (2) they areac-
quiredfrom differentviewing positions,and(3) oftentimesshapes
aredeformablewith time-varyingbehaviors. Oneviableapproach
for thematchingandanalysispurposeis to establishthecorrespon-
dencebetweenobjectsof interest.Towardsthisgoal,weneedeither
a registrationprocessbetweenobjectsor a parameterizationtech-
niquefrom objectsontocertaincanonicaldomains,bothof which
arevery dif�cult dueto the geometricandtopologicalcomplexity
of theunderlyingvolumetricobjects.Fundamentally, building the
correspondencebetweenobjectsis equivalentto seekingamapping
from onedomainto another, which becomesoneof thekey issues
nowadaysin graphicsandsolid modeling�elds. Two dimensional
surfacemappingsandthreedimensionalvolumetricmappingsare
mostrelevantanddeserveextensive researchinvestigation.

Computingcorrespondencebetweentwo surfaceshasbeenwidely
studied,usuallyfor surfacedeformationor morphingpurpose.Its
variation, parameterizinga surfaceonto planardomainsalso be-
comesa centralresearchtopic in the graphicandmodelingarea.
Thisarosefrom applicationssuchastexturemapping;andit aidsin
many scienti�c computationssuchasproviding domainsfor con-
tinuoussurfacespline constructionand physically-basedsimula-



tion or deformation. In reality, despitethe necessityof surface
mappingtechniques,interior volume datacarriesabundantinfor-
mationincluding material,density, texture, etc. (beyond purege-
ometricinformation). Not only the thin-shellof theobjectbut the
whole solid modelshouldbe taken into accountin many casesof
solid modeling,shapeanalysis,andphysically-basedcomputation.
For example,mostof thephysically-baseddeformationtechniques
arevolume-driven.Volumetricmappingbetweenobjectsinsteadof
surfacemapping,servesasa betterandmoreaccuratetool for this
task. In spiteof this strongneed,due to its technicalchallenges
andcomputationalcomplexity, much lesswork hasbeenactually
carriedout in volumetricmappingcomparedwith thesurfacecase.
In this paper, we aim to pursuea robust,ef�cient, andaccurateal-
gorithmto computetheharmonicvolumetricmappingbetweentwo
solid objects.We make useof theboundarymethod,in which the
behavior of the interior region of the volume datais determined
only by its surfaceboundary, thus naturally reducesthis volume
problemto thatof its boundarysurfacescale.Theharmonicityof
themappingis guaranteedby thefundamentalsolutionmethod.

Harmonicityof themapscharacterizessmoothness,which is a nat-
ural phenomenonthatdepictstheminimizedphysicalenergy con-
�guration that arisesfrom the differencebetweentwo shapes.In
thesurfacecase,harmonicmappingtriesto achieve this by vanish-
ing onthesourcesurfacetheLaplace-Beltramioperator. Intuitively
speaking,�nding a harmonicmappingbetweentwo surfaceswith
�x edboundarycorrespondenceis likecomputingthe�nal deforma-
tion of a rubbermembrane.Themembranehasthesourcesurface
as its relaxed shapecon�guration, andis wrappedonto the target
shapewith certain�x ed boundaryconstraints.The mappingthat
leadsto the physically-natural�nal deformationshouldminimize
the harmonicenergy and is what the algorithm aims to achieve.
Similarly, for harmonicvolumetricmapping,we �x the boundary
mapping,which is now a surfacemappingbetweenthe two given
solid objects. Thenwe seeka smoothinterior region mappingby
enforcing3D Laplacianeverywhereto bezero. This is equivalent
to arriving at the�nal stablecon�gurationof a solid rubbersubject
to its boundaryshapeconstraint.

Unlike thesurfacecase,thevariationalprocedurethatminimizesa
prede�nedenergy needsto adjusta muchlargernumberof points,
which usually results in an intolerablecomputationcomplexity.
Accordingto the maximumprinciple of harmonicfunctions,inte-
rior valueof a smooth�eld is determinedby its boundarysetting.
Thereforewe canusea boundarymethodcalledmethodof funda-
mentalsolution (MFS) to solve this problem,hencereducingthe
volumetricsolidproblemto just theboundarysurfacescale.To our
bestknowledge,this is the�rst work in thecomputergraphicsarea
thatMFS is employedto solve thevolumetricmappingproblem.

Several applicationsare usedto demonstratethe ef�cacy of our
mappingtechnique.Theseapplicationsalsoshow the importance
of thevolumetricharmonicmapping.The�rst andnaturalapplica-
tion is to usethiscorrespondenceto establisharegistrationbetween
two solid models.Informationon onemodelcanbetransferredto
another;thusmaterial,texture anddisparatefunctionsde�ned on
a volumedomaincanbe transplantedandreusedeasily. With the
registrationbeingestablished,wecanalsomeasurethedistancebe-
tweenshapesnaturallyby theenergy requiredto deformonesolid
object to the other. We areable to visualizethe deformationen-
ergy distribution, which aids in shapeand deformationsequence
analysis.Second,a solid parameterizationcanbe computedonce
we have the mappingbetweena solid objectanda canonical3D
domain. We transplantthe tetrahedralizationof standardregular
shapessuchas polycubesonto other objects. Sucha remeshing
mechanismprovidesahighly regulartetrahedronstructurefor com-
plex solid objects,which makesthegeometryoperationsandcom-
putationsmoreef�cient, andsuitablefor graphicshardwareaccel-

eration.Third, ourmethodcanbeusedfor asolid texturesynthesis,
which createssolid texturefrom theobject's boundarysurfacetex-
turemapping.

Ourspeci�c contributionsarethreefold:

1. We developa simpleandef�cient algorithmthatcanrobustly
andautomaticallycomputetheharmonicvolumetricmapping
from onevolumetricobjectto another.

2. To thebestof our knowledge,this is the�rst attemptto bring
the fundamentalsolutionmethodinto the graphicmodeling
community. The techniqueis an ef�cient meshlessbound-
ary methodwith greatpotential.Earlierwork providessome
theoreticalanalysisfrom themathematicsandmechanicalen-
gineeringpoint of view, but it lacksexperimentalvalidation.
We conductexperimentson the problemof computinghar-
monicvolumetricmappingusingthismethod;andweprovide
somevaluablesuggestionsof usingthismethodin themodel-
ing area.

3. We demonstrateour harmonicvolumetricmappingwith sev-
eral applications,which not only illustrate our mappingre-
sults,but alsoshow the strongpotentialof volumetricmap-
pingasa tool for futuregraphicsandmodelingresearch.

We will brie�y review therelatedliteraturein Section2. Thenwe
introducethetheoryandalgorithmof ourmethodin Section3, fol-
lowedby Section4 with someimplementationdetailsandproperty
discussions.Finally, we demonstrateour experimentalresultswith
someapplicationsin Section5 andconcludeourwork in Section6.

2 Related Work and Backgr ound Kno wledg e

Harmonicmapshave beenextensively studiedin the literatureof
surfaceparameterization.It is addressedfrom thepoint of view of
minimizingDirichlet Energy. Thediscreteversionof harmonicen-
ergy was�rst proposedby Pinkall andPolthier[Pinkall andPolth-
ier 1993] andlater introducedto computergraphics�eld in work
of Eck et al. [Eck et al. 1995]. By discretizingthe energy de-
�ned in [Pinkall andPolthier1993],Desbrunet al. [Desbrunet al.
2002] constructedfree-boundaryharmonicmaps. More harmonic
andconformalmapsarestudiedandsurveyedby FloaterandHor-
mann[FloaterandHormann2005]. The harmonicmapsbetween
surfacesarosefrom shapeblending [Kanai et al. 1998] and are
widely usedin shapemorphingapplicationlater [Lee et al. 1999;
Michikawa et al. 2001; Praunet al. 2001; Kraevoy and Sheffer
2004;Schreineretal. 2004].

Harmonicityin volumetricsenseis similarly de�ned asthevanish-
ing Laplacian,representingthe smoothnessof the mappingfunc-
tion. Wanget al. [Wanget al. 2004b]studiedthe formula of har-
monic energy de�ned on tetrahedralmeshandcomputedthe dis-
cretevolumetricharmonicmapsvia a variationalprocedure.Juet
al. [Ju et al. 2005]generalizedthemeanvaluecoordinates[Floater
2003] from surfacesto volumesandbuilt a smoothvolumetricin-
terpolationbasedon this.

We constructthemappingthrougha meshlessprocedureby using
a boundarymethodcalledmethodof fundamentalsolution(MFS).
Notablework amongboundarymethodsfor solvingelliptic partial
differential equations(PDEs) includesthe classicalboundaryin-
tegral equationandboundaryelementmethod(BIE/BEM), which
hasbeenwidely usedin many engineeringapplications[Banerjee
1994],andwasintroducedinto computergraphicsfor the simula-
tion of deformableobjectsin [Jamesand Pai 1999]. One of the
major advantagesof the BIE/BEM over the traditional �nite ele-
ment method(FEM) and �nite differencemethod(FDM) is that



only boundarydiscretizationis usuallyrequiredratherthantheen-
tire domaindiscretizationneededfor solvingthePDEsnumerically.
Comparedwith theBIE/BEM approach,theMFSusesonly thefun-
damentalsolutionin theconstructionof thesolutionof a problem,
without usingany integralsover boundaryelements.Furthermore,
theMFS is a truemeshlessmethod,sinceonly boundarynodesare
necessaryfor all thecomputation.“Meshless”hastheadvantageof
simplicity thatneitherdomainnor meshconnectivity is requiredin
storageandcomputation;soit becomesvery attractive in scienti�c
computingandmodeling[Belytschko etal. 1996;Guoetal. 2006].
A comprehensive review of theMFSandkernelfunctionsfor solv-
ing many elliptic PDE problemswasdocumentedin [Fairweather
andKarageorghis1998].

3 Theor y and Algorithm

To computea volumetricmap ~f from a given solid objectM 1 to
anotherM 2 is equivalentto building up a smoothone-to-onecor-
respondencebetweenthem. The boundaryconstraintis a surface
mapping~f 0 from theboundarysurfaceof M 1 , denotedas@M 1 , to
theboundarysurfaceof M 2 , @M 2 .

Our problemsettingis in R3 , sothemapping~f (p) = q (p 2 M 1 ,
andq 2 M 2) canbedecomposedinto threecomponentsfor three
axesasf 1 ; f 2 , andf 3 . In eachdirection,f i mapsthepoint p onto
a componentqi of q. This problemis reducedto thecomputations
of threeseparatef i , with boundarymappingconstraintsin each
correspondingaxis.

3.1 An Intuitive Explanation of Our Ideas

We �rst introduceour ideasin an intuitive way from the electro-
staticspoint of view. Our target is the smoothmappingin each
direction:f i . It is just likebuilding upasmoothscalar�eld de�ned
in theregionM 1 with givenboundaryconditions.Thissmoothness
canbesimulatedusinganelectric�eld. Many electricparticlesare
placedoutsideof M 1 ; eachof themhassomeamountof charges.
If theelectric�eld of theseparticlessimulatestheboundarycondi-
tion(or in otherwords,wemaketheelectricpotentialonthebound-
ary surface@M 1 to have the f i 's boundaryconstraintvalue); then
we canusethis electricparticlesystemto simulateour mapping,
which is rigorouslywritten asa partial differentialequationwith
boundaryconditionsin Section3.2. The electric �eld providesa
correctsimulationfor our problembecausetheelectric�eld is har-
monic, andit satis�es the vanishingLaplacianeverywherein R3 ,
except for the positionswheretheseparticlesareplaced. There-
fore,wealsocall theseparticlessingularitypointsor sourcepoints,
andweplacethemoutsideof M 1 .

Sincethe electric �eld guaranteesthe vanishingLaplacianevery-
where,weonly needto enforcetheboundaryconditionswith these
particles.If we �x their positions,how many chargeseachparticle
shouldcarryarethefreedomswetry to solvein orderto enforcethe
boundaryconstraint.Whenall thesefreedomsaresettleddown, the
valueof f i on any interior point is theelectricpotentialin thatpo-
sition. In Section3.2,we will show thekernelfunctionof thefun-
damentalsolutionmethodto 3D harmonicproblemhasthe same
formulaof how wecomputepotentialin theelectric�eld.

Intuitively, if wehavedenseenoughparticlesplacedoutsideof M 1 ,
a boundaryconditionis alwaysableto be well approximated,ex-
ceptin somehighly discontinuousboundaryregions.For morede-
tailswe referreadersto [Garabedian1998].

3.2 Problem Form ulations

Wenow formulatethevolumetricmappingproblemasfollows:

Givenamapping~f 0 betweentheboundarysurfaces@M 1 and@M 2 :
~f 0(p) = q, p 2 @M 1 ; q 2 @M 2 , ourgoalis to computeamapping
~f : M 1 ! M 2 suchthat

½
¢ ~f (p) = 0 p 2 M 1 ;

~f (p) = ~f 0(p) p 2 @M 1 :

wherethe¢ is de�ned continuouslyin 3D as

@2

@x2
+

@2

@y2
+

@2

@z2
;

and¢ ~f = 0 for ~f = (f 0 ; f 1 ; f 2) is equivalentto ¢ f i = 0 for all
i = 1; 2; 3.

Since¢ is a linear self-adjointdifferentialoperator, we cancom-
puteits GreenFunction: given ¢ f i (x ) = gi (x ), we denote¢ ¡ 1

astheinverseof theoperator¢ , ¢¢ ¡ 1 = I whereI is theidentity
operator;andwecanwrite thesolutionasf i (x ) = ¢ ¡ 1gi (x ).

Note that ¢ ¡ 1gi (x ) =
R

K (x ; x 0)gi (x 0)dx 0, here the kernel
K (x ; x 0) is the Green's function associatedwith ¢ , andwe want
that it satis�es ¢ K (x ; x 0) = ±(x ¡ x 0) where±(x ¡ x 0) is the
Dirac function.

Thesolutionto theabove equationcanthusbewritten in termsof
theKernelfunctionas

f i (x ) =
Z

K (x ; x 0)gi (x
0)dx 0:

The Kernel function of 3D Laplacianoperatoris known to be
K (x ; x 0) = 1

4¼
1

j x ¡ x 0j ; wherejx ¡ x 0j denotesthe distancebe-
tweenthepointsx andx 0.

Sincef i in the interior region is determinedby the boundaryval-
ues,we solve it usingFundamentalSolutionMethod(MFS) [Fair-
weatherandKarageorghis 1998] with the above kernel. The lin-
earnatureof Laplacianoperatorindicatesthat theboundary-based
methodsuchasMFSis mostsuitablesincetheinterioris now repre-
sentedin anexactmanner;we only needto enforcea givenbound-
ary condition function ~f 0, or f 0

i for eachf i . The approximation
equationweuseto evaluatef i onaninterioror boundarypointp is

f i ( ~w; ~Q; P ) =
N sX

n =1

wn ¢k(P ; Q n ); P 2 M 1 : (1)

In theabove equation,~w = (w1 ; w2 ; ¢; wN s )T is thevectorof un-
known coef�cients we want to solve, representingthechargescar-
ried by eachparticle,whereN s is thenumberof sourcepoints. In
addition, ~Q is a 3N s -dimensionalvector containingpositionsof
all N s three-dimensionalsourcepoints. As we introducedabove,
Q n 2 R3 ; n = 1; ¢¢¢; N s lies outsideof M 1 , in otherwords,they
areplacedontheboundary@fM 1 of aregion fM 1 containingM 1(i.e.
M 1 ½ fM 1).

Notethat,with arbitrary ~w, f i satis�estheLaplacianoperatorin an
exactmannerin theinteriorregionbutusuallyviolatestheboundary
conditions. Hencewe solve the setof expansionconstraints~w to
�t theboundaryconditions.This �tting processreducesto a linear
system:

A ~w = ~bi :



Matrix A has its element A r ;s = k(P r ; Q s) with P r be-
ing the constraint point (also called collocation point) on the
boundary@M 1 , and Q s being the source point on @fM 1 . ~bi

is the vector of images of these collocation points under the
boundary condition, i.e. ~bi = f bi 1 ; bi 2 ; ¢¢¢; bi N c gT =
f f 0

i (P 1 ); f 0
i (P 2 ); ¢¢¢; f 0

i (P N c )gT , where N c is the numberof
collocationpoints.

3.3 Algorithm

Thealgorithmic�o w is asfollows:

In: Two solid objectsM 1 and M 2 , and their boundarysurface
mapping~f 0 : @M 1 ! @M 2 :

Out: A harmonicvolumetric mapping ~f : M 1 ! M 2 s.t. on
boundary~f (p) = ~f 0(p); p 2 @M 1 and in the interior re-

gion: @2 ~f
@x 2 + @2 ~f

@y 2 + @2 ~f
@z 2 = 0:

(1) Place the sourcepoints and the collocation points. (Sec-
tion 4.1andSection4.5).

(2) Computethe coef�cient matrix using the methodof funda-
mentalsolutionswith respectto sourcepointsQ s andcollo-
cationpointsP r accordingto Equation1.

(3) Decomposethe coef�cient matrix usingSingularValueDe-
composition.(Section4.2andSection4.6).

(4) Solve this linear systemwith input boundarymappingcon-
straints~f 0 usingthedecompositionresultfrom Step(3), and
gettheharmonicvolumetricmapping~f (representedby Equa-
tion 1).

The resultantvolumetricmappingis harmonic,guaranteedby the
kernelfunctionwe used.It minimizestheharmonicenergy, which
will be discussedin Section4.3.1. We assumethe initial bound-
ary surfacemappingis given asan input, and in Section4.4, we
brie�y discusshow to obtain this surfacemappingwith existing
techniques.

4 Implementation and Discussion

4.1 Placing Sour ce Points and Collocation Points

We placethesourcepointsuniformly on anoffsetsurfacenearthe
boundarysurfaceof thesolid model,asshown in Figure2(b), the
following procedureis a robustway to createsuchasampling.The
reasonthatweconductthesourcepointsplacementin thiswaywill
bediscussedin Section4.5.Thealgorithmmakesuseof theimplicit
form of thesurfaceboundaryof thesolidmodel:

(1) Computethe distance�eld in R3 of the given objectbound-
ary surface@M 1 usingtechniqueintroducedin [Larsenet al.
2000].We geta distanceevaluationfunctiondist (p) thatthe
signeddistancefrom any point p 2 R3 to @M 1 canbecom-
putedef�ciently .

(2) Build anoffsetsurface@fM 1 usingBloomenthal'spolygoniza-
tion method[Bloomenthal1994]. It takes an implicit dis-
tanceevaluationfunctiondist 2(p) de�ned in R3 astheinput.
Therefore,to build theoffsetsurface@fM 1 with distanced to
@M 1 , wesetsuchinput functiondist 2(p) = dist (p) + d.

(3) Uniformly samplen pointsonmesh@fM 1 .

(a) (c)

(b) (d) (e)

Figure2: Volumetricharmonicmappingfrom thesolid Igeamodel
to a solid spheremodel.(a) Thesourceandtargetsolid objectsare
shown. (b) Sourcepointsareplacedon an offset surface. (c) and
(d) Theharmonicenergy distributionof themappingis color-coded
andillustratedon two differentcross-sections.(e)Thedeformation
energy distribution is illustratedoveronecross-section.

Thecollocationpointsarechosenfrom theverticesp onthebound-
arysurfaceof sourcesolidmodel(p 2 @M 1).

4.2 Solving the Linear System with the Dense Coef�-
cient Matrix

As discussedin Section3.2, we want to solve the linear system
A ~w = ~b. Elementin the coef�cient matrix A is the valueof the
kernel function on eachcollocationpoint, which is almostnever
zero, making the matrix quite dense. The matrix may be ill-
conditioned[Ramachandran2002], in which case,regular linear
systemsolverssuchasGaussianeliminationor LU decompositions
oftenfail to producea meaningfulsolution.Singularvaluedecom-
position(SVD) is a stableandrobustapproachfor accurateresults
evenwhenthecoef�cient matrix is ill-conditioned.Anotheradvan-
tageis that oncewe have decomposedthe matrix, we canusethe
result for rapidly recomputingnew mappingswhenever boundary
conditionschange.This ef�ciency alsoarisesfrom the boundary
method,detaileddiscussionaboutthis aspectwill begivenin Sec-
tion 4.6. More advantagesof using SVD in MFS are discussed
in [Ramachandran2002].

4.3 Energy of Volumetric Mapping

4.3.1 Harmonic Energy

Harmonic Energy measuresthe smoothnessof the mapping. It
is measuredby the integrationof the squareof the gradientover
the interior region domain. Both thesourceandthe targetmodels
shouldbenormalizedto unit sizein volumebeforecomputingthe
harmonicenergy. Thetotal harmonicenergy of thismappingis

Z

M 1

< r ~f ; r ~f > dx : (2)

Webuilt avolumetricgrid andcomputethegradientof themapping
on eachgrid point, thenusethe following formula to approximate



theenergy:
X

p u ; v ; w 2 M 1

jjr ~f (pu ;v ;w )jj 2 ¢vol(pu ;v ;w ); (3)

wherevol(pu ;v ;w ) is the interior volume on grid point p u ;v ;w ,
and vol(pu ;v ;w ) equalsto the volume of the intersectionof M 1

and the small grid cubeCubep u ; v ; w centeredat pu ;v ;w . Here,
the edgelengthof Cubep u ; v ; w is the distancebetweentwo adja-
centgrids. We canusethevolumeof Cubep u ; v ; w to approximate
vol(pu ;v ;w ). With thegrid samplingdensityincreasing,thevalue
of Equation(3) is asymptoticto Equation(2). We usethe sim-
ple volumegrid datastructurebecauseit is easyto implementand
ef�cient in tracingvaluesof its neighboringgrid points: thegradi-
entof theharmonicmappingoneachgrid point canberepresented
by threevectors:r ~f = (r f 1 ; r f 2 ; r f 3), so jjr ~f (pu ;v ;w )jj 2 =
jjr f 1 jj 2 + jjr f 2 jj 2 + jjr f 3 jj 2 . In theexampleof Figure2, thehar-
monic energy distribution of the volumetricmappingis colorized
in (c) and(d) over two differentcross-sections.The color-coding
schemein our paperis asshown in the bar in (c): red represents
maximumwhile bluerepresentsminimum.

4.3.2 Deformation Energy

Oncea correspondencebetweentwo solid objectsis created,the
interior voxel point's deformationcan be estimatedeasily. This
provides us a formal mechanismto computethe energy required
to deformoneobject to another. Later we will usethis energy to
measurethedistancebetweenshapesin deformationsequences.

We computethe deformationenergy starting from the classical
strainandstresstensoranalysis.Green's straintensor² is usedto
quantify the local strainundergoing a 3-dimensionaldeformation.
If apointp is mappedto q, thenthe3 £ 3 tensor² hasits elements
² ij representedas

² ij =
@q
@pi

¢
@q
@pj

¡ ±ij ;

where1 · i; j · 3 areindicesin axis directions,±ij is the Kro-
neckerdelta:

±ij =
½

1 : i = j
0 : i 6= j :

According to differential geometry, this strain tensoris invariant
underrigid transformationand vanishesunder identity mapping.
The stresstensorrepresentsthe informationof the internal forces
underthe deformation. A simpli�ed linear form of elasticstress
with theassumptionof isotropy is de�ned as

¾ij =
3X

k =1

¸² k k ±ij + 2¹² ij ;

where¸ and ¹ are two Lamé constantsof material, respectively
representingrigidity andresistanceto volumedilation change.For
example,in mostof ourexperiments,wepick theparameterof rub-
ber, i.e., ¸ = 0:0335; ¹ = 0:0224. Theelasticpotentialdensity´
on thispointp is measuredby

´ (p) =
1
2

3X

i =1

3X

i =1

¾ij ² ij ;

representingthe internal elastic energy under the shapechange.
Similar to Equation(3), the total deformationenergy of this vol-
umetricmappingis computedby

X

p u ; v ; w 2 M 1

´ (pu ;v ;w ) ¢vol(pu ;v ;w ): (4)

Figure2(e)color-codesthedeformationenergy distribution of the
volumetricmappingfrom solid Igeamodelto thesolidsphere.

4.4 Initial Boundar y Surface Mapping

(a) (b)

(c) (d)

(e) (f)

Figure3: Differentboundaryconditionsleadtodifferentvolumetric
mappingresultseven for thesametargetobject. Volumetricmap-
pingsfrom thesolid Teapotmodelto a solid Cupmodel(a) under
two differentboundarymappingconditions(see(c) and(e)) have
differentharmonicityasshown in (d) and(f) (energy distributions
aredepictedontheTeapotmodelrespectively). (c) and(e)highlight
differentsurfacemappingswith magni�ed views.

Our proposedalgorithmis simpleandfully automaticoncetheini-
tial boundarysurfacemappingis provided. Surfacemappingtech-
niques[Kanai et al. 1998;Leeet al. 1999;Michikawa et al. 2001;
Praunetal. 2001;Kraevoy andSheffer 2004;Schreineretal. 2004;
Zayeretal. 2005]canbeusedto build up theinitial boundarymap-
ping. We hopethis surfacemappingcreationcan be simple and
automaticas well. On the other hand, the harmonicvolumetric
mappingdependson the initial surfacemapping. How to gener-
atesucha mappingandhow thequalityof this mappingaffectsthe
volumemappingareworthy of morecomprehensive researchstud-
ies for this topic. Sincethe detaileddiscussiongoesbeyond the
focusof this paper, we will only brie�y discusshow we geta suit-
ableinitial surfacemapping.We considermappingbetweensolid
objectswith the sametopology, that is, the objectshave pairsof
correspondingboundarysurfaces.Considerthe mappingbetween
eachsurfacepair: (1) If the boundarysurfacesare closedgenus
zerosurfaces,the conformalsurfacemappingsuf�ces. This map-



ping canbe computed/combinedthroughthe conformalmapping
betweenthe surfaceanda sphere[Guet al. 2004]. (2) If the sur-
facesare of higher genus,we prefer a globally smoothmapping
andcomputetheir quasiconformalmappingastheinitial boundary
conditionusingtechniquesintroducedin [Li etal. 2007].

Volumetric mappingsbetweentwo objectsdiffer underdifferent
surface boundarymappingconditions. Our experimentdemon-
stratesthis in Fig 3. The harmonicvolumetric mappingsfrom
the solid Teapotmodelto the solid Cup modelhave differenthar-
monicityundertwo differentboundarysurfacemappings(asshown
in (a)). We renderthemeshconnectivity for thepointson the tar-
get boundarysurfacesto bettervisualizethe boundarycondition
differences((c),(e)).The secondboundarymappingcondition is
smoother(e)thanthe�rst one(c);it leadstoavolumetricmapping(f)
with smallerharmonicenergy. The harmonicenergy distributions
for two volumetricmappingsarevisualizedontheTeapotmodelus-
ing a samecross-section.Thecolor-codingschemeusedin (d),(f)
is asthebardepictsin (b).

In thenearfuture,we will examinethe technicalissueof how the
surfacemappingandthevolumetricmappingarerelatedin aquan-
titative way, andhow onemappingguidesthe computationof the
other. By adjustingthe surfaceboundarymappingcondition ac-
cordingly, we will pursuethe free boundaryvolumetric mapping
with minimumharmonicenergy.

4.5 Discussion on Sour ce and Collocation Point
Placement

(a) (b)

Figure4: SourcePointsPlacement.Sourcepointsaresampledei-
ther on a boundingsphere(a) or on an offset surfaceof the given
model(b).

Oneimportantissuethat we have to addressis how many source
pointswe needto useandwhereto placethem. Using our elec-
tric �eld model,imaginethatwe arenow trying to re�ne our con-
trol of the electric�eld behavior usingelectricparticles,the more
particles(i.e., sourcepoints)we have, naturally the more re�ned
resultwe shouldbe ableto get with the increasingcomputational
complexity. On the other hand,numerically, their positionsalso
matter. If all sourcepointsareplacedin oneposition,therewould
beno way thatwe canachieve moresatisfactoryresultswith more
sourcepoints. Thepositionsof thesesourcepointsactuallydeter-
minethebehavior of thecoef�cient matrixA , whichcanbehighly
ill-conditioned[Kitagawa 1988]. Theconditionnumberof thema-
trix generallyincreasesasthe distancefrom fM 1 to M 1 increases,
thoughtheaccuracy of theMFSapproximationincreasesunderthis
situation[Golberg andChen1999]. That is to say, distantsource
pointsgive a smootherapproximation,but unavoidably introduce
largernumericalerror. Theoreticallyoptimalresultsof sourceposi-
tionsareunknown at present;currentliteraturesusuallysuggested
placingsourcepointsuniformly on a spherewithin threetimesthe
diameterof M 1 [Golberg andChen1999][Bogomolny 1985], an-
othertypeof suggestions[Tanklevich et al. ] is to placethemon a

similar offset surfaceof M 1 . The real-world computationsin me-
chanicalengineering�eld usuallychoosethesourceandcollocation
pointsin atrial-and-errormanneror with thehelpof humanexperi-
ences.Inspiredby theabovepioneeringwork, weuseexperimental
resultsto �nd a suitablesettingrule for our mappingproblem,and
guidethesourceandcollocationpointsplacementin orderto bridge
thegapbetweentheoreticalresultsandpracticalcommonsenses.

We conductexperimentsin the following threeaspectsto �nd a
suitablecon�gurationfor ourvolumetricmappingproblem:
(1) the shapeof the surface fM 1(sourcepointsaresampledon an
offsetsurfaceor asphere);
(2) thedistancefrom M 1 to fM 1 ;
(3) thenumberof thesourcepointsandcollocationpoints.

The experimentalresultsareshown in chartsplotted in Figure5.
In this �gure, Chart (a) plots the boundaryconstrainterror when
sourcepoints are placed on a sphere(see Figure 4(a)), while
Chart(b) showsthecasewhensourcepointsareonanoffsetsurface
(seeFigure4(b)). In Chart(a),thex-axisis theradiusof thesphere,
denotedasR-Ratio, representedby the ratio of the sphereradius
overtheobjectsize.y-axisshowstheboundaryconstrainterror, de-
notedasC-Error. C-Erroris computedusing:

P
p jj f 0(p)¡ f (p)jj 2

for all collocationpointsp. C-Error measuresthe total �tting er-
ror of our volumetricmappingto the given boundaryconstraints.
Thereforewe useits valueto measurethequality of our mapping.
Chart(b) shows thecasethatsourcepointsareplacedon theoffset
surface;thex-axisis thedistancefrom @fM 1 to @M 1 ; its value,de-
notedas O-Distance,is the ratio of the distanceover the source
model size. Their correspondingC-Errorsare plotted in y-axis.
Chart(c) shows theharmonicenergy values(y-axis)underthedif-
ferentoffsetsurfacesettings(x-axis).

Our statisticaldatademonstratesthat: (1) Thecloserto themodel
boundarysourcepointsareplaced,the smallerthe boundarycon-
straint error can be achieved. (2) Placing sourcepoints on the
sphereis not asgoodason an offset surface. Becausewe require
the object is totally insidethe interior of the sphere,the radiusof
the sphereneedsto be large enoughandthe averagedistancewill
be much larger comparedwith the offset surfaceplacement. (3)
If sourcepointsareplacedon an offset surfacetoo closedto the
model, the approximationfor the fundamentalsolutionis becom-
ing unstable,which is shown from the valuesof their harmonic
energies (Chart (c)). Therefore,in our experimentsand applica-
tions,we usuallyplacesourcepointson anoffsetsurfacewith 0:1
O-Distance.

Chart(d) furthershowshow thenumbersof sourcepointsandcon-
straintpointsaffect theboundaryconstrainterrors.We de�ne two
ratios cRatio and sRatio , respectively. The cRatio is de�ned
asthe numberof collocationpointsover the numberof boundary
points.ThesRatio is de�ned asthenumberof sourcepointsover
thenumberof boundarypoints. Thex-axis is thesRatio , andthe
y-axisshows theboundaryconstrainterror. Differentcurvesshow
thecasesusingdifferentcRatio . Wecanclearlyseefromthischart:
thelargertheseratiosare,thesmallerboundaryconstrainterrorwill
beachieved.Ontheotherhand,fewersourcepointscreateanover-
constraintsystemwhich will besolved in a muchshortertime. In
ourexperiments,weusuallysetcRatio largerthan0:8 but sRatio
around0:6 for anef�cient but well-�tted resultsfor largemodels.

Unlike �xing thesource/collocationpointsasdiscussedabove, the
positionsof sourcepointsandcollocationpointscanalsobe con-
sideredasunknowns in an optimizationprocedure,in which case
they have to becomputedalongwith theunknown weightsduring
theoptimizationprocedure.Thisnecessarilycomplicatestheentire
solverandmakesthecomputationprocedurehighly non-linear.
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Figure5: Volumetricmappingsunderdifferentsource/collocationpoint con�gurations. (a) shows the boundaryconstrainterror(C-Error)
underdifferentR-Ratiowhensourcepointsareplacedonspheres.(b) and(c) plot theconstrainterror(b)andharmonicenergy(c) respectively
underdifferentO-Distancewhensourcepointsareplacedonoffsetsurfaces.In (d), constrainterrorunderdifferentnumbersof sourcepoints
andcollocationpointsarecompared.Thex-axis is thesRatio.They-axisshows theconstrainterror. Differentcurvesshow thecasesunder
differentcRatio.

Neara boundaryregion whosetarget shapeis seriouslywrinkled,
theharmonicmappingmaymapinteriorpointsto theoutsideof the
target object if the source/collocationpointsnearbyarenot dense
enough.Suchsituationcanbe effectively remediedby increasing
the densityof source/collocationpoints aroundthis region adap-
tively.

4.6 Accelerating Volumetric Mappings for Time Series

We decomposethe coef�cient matrix A from the MFS usingSin-
gular Value Decomposition(seeSection4.2), which provides an
ef�cient way to recomputethe volumetricmappingwith different
boundaryconditions.Undera new boundarycon�guration ~b0, the
corresponding~w0 for the new volumetric mappingcan be com-
puteddirectly from A ¡ 1 £ ~b0. With the decompositionresults,
A ¡ 1 = V £ W ¡ 1 £ UT , wherethematrixW ¡ 1 is adiagonalma-
trix, canbe computeddirectly. Therefore,the decompositionma-
trix resultscanbereusedunderdifferentboundaryconditions.This

showsonemoreadvantageof theboundarymethodovervariational
methods,whichapplyiterationson theentirevolumewhenever the
boundaryconditionis given.Underanew boundarycondition,vari-
ationalmethodscannotavoid a time-consumingrecomputation.In
ourapplicationsshown laterin Section5, we take full advantageof
ourcomputationalef�ciency to computea largenumberof sequen-
tial volumetricmappingsin a temporaldeformationsequence,by
decomposingA only once.

4.7 Comparison with Previous Work

We compareour mappingresultswith the methodintroducedin
[Wangetal. 2004b].In theirwork, thediscretizedharmonicenergy
is de�ned on the tetrahedralmeshto guidetheir variationalproce-
dure.Oncewecomputeourmapping,wecanevaluatethemapping
onany interiorpointusingEquation(1). Wetetrahedralizeourvol-
umedata(in our work we producethe tetrahedralizationusing[Si
2006]),thencompareour resultswith Wanget al.'s work in [Wang
et al. 2004b].As shown in Figure6, thevolumetricmappingfrom



(a) (b) (c) (d)

Figure6: Comparisonwith previouswork. Theinitial tetrahedralizationof solid Igeamodelis shown in (a). In (b), thetetrahedralmeshon
thesolid sphereis transferredfrom thesolid Igeamodelusingour volumetricmappingalgorithm. TheresultcomputedusingWanget al.'s
variationaltechniqueis shown in (c). Theharmonicenergy distributionsof two volumetricmappingsarecolor-codedon resultanttetrahedra
usingauniformcolor-codingschemeasshown in (d).

(a) (b) (c) (d)

Figure8: Harmonicvolumetricmappingfrom the solid Sculpture
model(a)to the polycubemodel(b). (c) color-codesthe distance
�eld of thesolid polycubeinterior. In (d), thecolor-codingof the
transferreddistance�eld is visualizedonthesolidSculpturemodel.

thesolidIgeamodel(a) to asolidspherecanbevisualizedby trans-
ferring the tetrahedronmeshof the Igeato the solid sphere.Our
resultanttetrahedronmeshon sphere(b) appearsto be smoother
thanthe meshproducedin [Wanget al. 2004b](c). This smooth-
nesscanalsobevisualizedfrom thedistributionsof thediscretized
harmonicenergy of volumetricmappings,whicharecolor-codedin
(b) and(c) usingauniformscheme(d).

Another importantadvantageis the meshlesspropertyof our al-
gorithm. Thediscretizationaccuracy andthecomputationtime of
[Wangetal. 2004b]dependsheavily on thetetrahedralizationqual-
ity of thesourceobject:densetetrahedralizationnecessarilyresults
in high computationalcomplexity; andirregular tetrahedralization
leadsto numericalerrorin approximatingdiscretizedharmonicen-
ergy. In contrast,our algorithmis independentof theconnectivity,
andthusis more�e xible andcanbeadaptiveto any volumetricdata
setswith spatial-varyingresolution.

5 Experimental Results and Applications

Now we show someexperimentalresultsof harmonicvolumetric
mappingsin Figure7, Figure1 andFigure8. In Figure7, a solid
Pierrotmodel(a) is mappedto a solid sphere(b). Themappingre-
sult canbe visualizedusing(c) and(d). In (c), the distance�eld
of the interior region of the solid sphereis color-codedusing the
schemeshown in Figure2(c). Here in Figure7(d), eachvolume
point p in solid Pierrotmodel(a) is mappedto an interior point q
in solidspheremodel(b). Wetransferthecolorof q to theposition
of p. This color-codeddistance�eld on sourcemodeltransferred

from thetargetmodelprovidesanintuitivewayto visualizethevol-
umetricmappingresult. We call this visualizationmethodColor-
codedDistanceField Transfer. Onemoremappingexamplefrom
a solid Max-Planckmodel(e) to the solid sphere(b) is computed
andvisualizedin the sameway asshown in (f). Anothermethod
to visualizevolumetricmapsis by the tetrahedralmesh. In (g), a
tetrahedralizationof solid Max-Planckmodel (e) is illustratedin
onecross-section.Underthe volumetricmapping,eachvertex of
the tetrahedralmeshis mappedto a new position insidethe solid
sphere.For tetrahedrashown in thecross-sectionin (g), their ver-
ticesaremappedto new positionsasshown in (h).

In Figure1,wevisualizethevolumetricmappingfrom asolidpoly-
cubemodel (a) to a solid Buddhamodel (b). (c) color-codesthe
distance�eld of the interior region of Buddha;and(d) shows the
transferredcolor-codeddistance�eld . Figure8 showsanothervol-
umetricmappingexamplefrom a Sculpturemodel(a) to thepoly-
cubemodel(b). (c) color-codesthedistance�eld of thepolycube
while (d) shows thetransferredcolor-codeddistance�eld .

5.1 Information Reuse

Figure9: Volumetricharmonicmappingfor informationreuse.The
materialon thesolidMoai modelis preservedwhenit deformsdur-
ing theanimation.

Once the correspondencebetweentwo volume modelshasbeen
established,the target objectcaneasily reusethe information the
sourcevolume carries. The above Color-codedDistanceField
Transfermethodalreadydemonstratesthis. Figure9 showsanother
example.WhentheMoai modeldeforms,thematerialinformation
on the original model is preserved by the deformedmodelduring
the deformation. We canseefrom this examplethat the material



(a) (b) (c) (d)
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Figure7: Volumetricmappingsbetweensolid objectsandthesolid sphere.ThesourcePierrotmodelis depictedin (a); the targetmodelis
a solid sphere(b).(c) shows the color-codeddistance�eld in the solid sphere.(d) visualizesthe volumetricmapping:eachpoint p in the
original modelof (a) is mappedto a point q insidethesolid sphere;thetargetpositionq's color (asshown in (c)) is transferredanddepicted
on thecorrespondingp position(asshown in (d)). Anotherexampleon thevolumetricmappingfrom theMax-Planckmodel(e) to thesolid
sphere(b) is visualizedin (f) by thesamecolor-codeddistance�eld transfermethod.Tetrahedralmesheson theMax-Planckmodel(g) are
mappedinto thesolidsphere(h). Their correspondingcross-sectionsarevisualizedin (g) and(h).

informationcanbetransferredandreusedwith thehelpof our vol-
umetricmapping.Informationreuseandtransferhave morepoten-
tial applicationsin a larger scope,not just limited to materialor
solid texture,but applicablefor all kindsof volumetricfunctions.

The direct applicationwith the already-computedcorrespondence
is registration,with which we canmeasurethedifferencebetween
two objectsin a quantitative way andperformbothqualitative and
quantitative analysisbasedon this matching.We will discussthis
in thefollowing sub-section.

5.2 Shape Matching and Anal ysis

We usean exampleto demonstratethe applicationof volumetric
mappingson shapematchingandanalysis.In this experiment,we
analyzea horsegallop deformationsequence.We usethe vertex
correspondenceprovided in the deformationsequenceas the ini-
tial boundarysurfacemappingto computethevolumetricharmonic
mappingsfrom thereferencedinitial objectto all of its sequentially
deformedobjects. Then we computetheir deformationenergies
basedon thesemappings.This energy naturallymeasuresthedis-
tancebetweenthe deformedshapeandthe original model. Since
mappingsfrom objectto objecthave beencreated,not only a nu-
mericaldistancevaluebetweenobjects,but alsotheerrordistribu-
tion can be illustratedon the solid model showing the stretching
andbendingof the deformation. Note that this procedurecanbe
measuredef�ciently by reusingthe decompositionresultsdirectly
(seeSection4.6).

The deformationenergiesof the horsegallop sequenceareshown
in theFigure10. Wecaneasilyseefrom theenergy chartthatthere
arefour runningcyclesin thedata-setof thedeformationsequence.

And with the deformationenergy, we naturallymeasurehow dif-
ferenteachmodel is from the referencemodel. The distributions
of thedeformationenergy requiredfrom thereferencemodelto the
deformedmodelcanbecolor-codedandillustrated. Givena sam-
pledmodelin thedeformationsequence,which regionshave high
deformationenergy concentrationcanbeeasilyvisualizedfrom the
color-codeddistribution of thedeformationenergy, aswe depicted
on theoriginalmodelwith cross-sections.

5.3 Tetrahedral Remeshing

Thetetrahedralizationof anobjectcanbetransferredto anotherob-
ject underthevolumetricmapping.We call it tetrahedral remesh-
ing. As shown in Figure 1(e)-(h), we usethe regular tetrahedral
meshof asolidpolycubemodelto remeshthesolidBuddhamodel.
(e) and(g) show the tetrahedralmeshon thepolycube;(f) and(h)
show theremeshedsolidBuddhamodel.Tetrahedralizationfor reg-
ular shapeslike polycubescan be easily provided. Suchhighly
regular connectionsoffer great ef�ciency for geometryprocess-
ing andcomputationfor physically-baseddeformationsor simula-
tions [Bridsonet al. 2005]. In addition,in orderto take advantage
of graphicshardwareacceleration,suchasmodernGPUs,regular
representationstructureis alwayshighly desirable.

5.4 Volume Texture Synthesis

Our methodcanalsobeusedfor volumetrictexturesynthesis.As
shown in Figure 11, given a 2D texture image, we get the sur-
facetexture mapping,thenthe texture appliedon the surfacecan
besmoothlypropagatedto theinterior regionsof solid objects.To
synthesizethe interior texture,we only needto make a changeon



Figure10: Energy analysisof deformationsequences.Thehorsemodelis sequentiallydeformed.Thedeformationenergiesarecalculated(red
circles).Thedistributionof thedeformationenergy requiredfor eachsequentialmodelcanbeillustratedon thereferencemodel.

(a) (b) (c)

Figure11: Solid texturesynthesis.Thesolid Pensatoremodeland
the imagetexture areshown in (a). The surfacetexture is �rstly
mappedto thePensatoremodelasillustratedin (b). We synthesize
theinterior solid textureandillustrateacross-sectionview in (c).

theboundarycondition;insteadof usingthetargetboundarypoints
positions,weusethetexture(u; v) coordinates.Figure11(a)shows
ansolid Pensatoremodel;andwe mapa 2D imagetextureontoits
surfaceasshown in (b). This texture is smoothlyextrapolatedinto
theinterior region usingour method.(c) illustratesthesynthesized
solid texturethatcanbeusedfor decoratingthesolid interior.

6 Conc lusion

We have presenteda simple, robust, and fully automaticmethod
to computeharmonicvolumetric mapsbasedon a true meshless
boundarymethodcalledthe fundamentalsolutionmethod(MFS).
This appearsto be the �rst attemptto bring this methodinto our
graphicsand modelingcommunity. We conductexperimentsto
evaluatetheperformanceof thefundamentalsolutionmethodonthe
harmonicvolumetricmappingproblemin this paper;alsowe sug-
gestthe practicalrulesanddevelop the effective algorithmon the
MFS settings.Thenwe demonstrateourmappingresultsin several
applications,suchasinformationreuse,deformationsequenceanal-
ysis,tetrahedralremeshingandsolid texturesynthesis,all of which
in turn show thestrongpotentialof harmonicvolumetricmapping
in graphicsandsolidmodeling�elds.

Building correspondencebetween solid models and canoni-



cal/regular objectsprovidesa naturalmechanismto facilitatesci-
enti�c computationsandgraphicalsimulations. If we exploit the
regularstructureof mappedvolumetricdomains(suchaspolycubes)
andutilize graphicshardwareacceleration,physically-basedsimu-
lations(suchassimulatingvolumetricsolid deformationsor �uids
in deformablebodies)canbeef�ciently performed.

As discussedin Section4.4,our currentvolumetricharmonicmap
dependson the initial boundarysurfacemapping.In Figure3, we
show that the volumetricmappingandits boundarysurfacemap-
ping arecloselyrelatedto eachother. Theharmonicenergy of the
volumetricmapkeepsdecreasingwith boundarysurfacemapping
gettingsmoother. In thenearfuture,wewill usetheharmonicvolu-
metricmappingto guidethevariationalprocessof surfacemapping
towardsthe global energy optimization(both for boundariesand
solid interiors). Anotherpossibleextensionis not to �x the posi-
tionsof sourcepointsandcollocationpoints.We cantreatthemas
unknown variablesin theMFSprocedure.Althoughthisresultsin a
nonlinearoptimizationprocess,it mayalsoleadto a free-boundary
volumetricmappingprocedurefor bettermappingresults.
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