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Abstract

Constructingsplineswhoseparametricdomainis anarbitraryman-
ifold and effectively computingsuchsplinesin real-world appli-
cationsareof fundamentalimportancein solid andshapemodel-
ing, geometricdesign,graphics,etc. This paperpresentsa gen-
eral theoreticalandcomputationalframework, in which splinesur-
facesde�nedoverplanardomainscanbesystematicallyextendedto
manifold domainswith arbitrarytopologywith or without bound-
aries. We studythe af�ne structureof domainmanifoldsin depth
and prove that the existenceof manifold splinesis equivalent to
theexistenceof a manifold's af�ne atlas.Basedon our theoretical
breakthrough,we alsodevelopa setof practicalalgorithmsto gen-
eralizetriangularB-splinesurfacesfrom planardomainsto mani-
fold domains. We choosetriangularB-splinesmainly becauseof
its generalityandmany of its attractive properties.As a result,our
new splinesurfacede�ned over any manifold is a piecewise poly-
nomial surfacewith high parametriccontinuity without the need
for any patchingand/ortrimming operations.Throughour experi-
ments,we hopeto demonstratethatour novel manifoldsplinesare
bothpowerful andef�cient in modelingarbitrarilycomplicatedge-
ometry and representingcontinuously-varying physicalquantities
de�ned over shapesof arbitrarytopology.

CR Categories: I.3.5 [ComputerGraphics]:ComputationalGe-
ometryandObjectModeling—curve,surface,solidandobjectrep-
resentations

Keywords: Geometricmodeling,manifold spline,Riemannsur-
face,conformalstructure,af�ne atlas

1 Intro duction and Motivation

Real-world volumetricobjectsareoftentimesof complex geometry
andarbitrary topology. Onefundamentalgoal of solid andphys-
ical modelingis to seekaccurateandeffective techniquesfor the
compactrepresentationof smoothshapeswith applicationsin both
scienti�c researchandindustrialpractice.Towardsthisgoal,subdi-
visionsurfaceshavebeenextensively investigatedduringtherecent
past.Despitetheirmodelingadvantagesfor arbitrarilycomplicated
geometryandtopology, subdivision surfaceshave two drawbacks:
(1) accuratesurfaceevaluationis frequentlyconductedvia explicit,
recursive subdivision sincemost subdivision schemes(especially
thoseinterpolatoryschemes)donotallow closed-formanalyticfor-
mulationfor their basisfunctions;(2) extraordinarypointsdepend
on the connectivity of the control meshandneedspecialcare,as
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their behaviors andsmoothnesspropertiesdiffer signi�cantly from
otherregular regionsnearby. This paperaimsto tacklethe afore-
mentionedtechnicalchallengesassociatedwith popularsubdivision
surfacesby articulatingthenew theoryfor manifoldsplinesandde-
velopingnovel algorithmsfor constructingsuchsplinesin practice.

Asidefrom subdivision surfaces,this researchis equallymotivated
by therigorousmathematicsof splinetheory. Splinesurfaceshave
demonstratedtheir signi�cance in shapemodeling,�nite element
analysis,scienti�c computation,visualization,manufacturing,etc.
Most popularexamplesincludeBéziersurfaces,tensor-productB-
spline surfaces,and triangularB-spline surfaces. Essentially, all
of themarepiecewise polynomialsde�ned over planarparametric
domainsfor ef�cient evaluation. While thesespline surfacesare
ideal for modelingopensurfaceswith curvedboundaries,they are
cumbersometo representsmoothsurfaceswith arbitrarily complex
topology. The feasibleway is to trim parametricspline surfaces
de�ned over openplanardomains,stitchthemalongtheir trimmed
edgeswith care,andenforcethecontinuityrequirementsof certain
degreeacrosstheir sharedboundariesasshown in [Eck andHoppe
1996]. It is challengingto maintainhigh ordercontinuity across
patchesin both theory and practice. Therefore,thereis a press-
ing needto introducethenew splineconceptanddevelop thenew
splinetheorythatde�ne polynomialsplinesoverarbitrarymanifold
without trimming andstitchingoperations.

In essence,constructingsplinesde�ned over arbitrary manifolds
is of fundamentalsigni�cancein geometricdesign,andinteractive
graphics.This paperpresentsa generaltheoreticalframework that
cansystematicallygeneralizesplinesurfaceswith planardomains
tomanifolddomainswith arbitrarytopologywith or withoutbound-
aries.Thespeci�c contributions of this paperinclude:

� While motivatedby the above observations, it also signi�-
cantly advancesthe state-of-the-artof both subdivision sur-
facesandsplinessurfaces.

� This papergivesa theoreticalproof for theexistenceof man-
ifold splines,i.e., it is equivalentto theexistenceof theaf�ne
structureof the underlyingmanifold servingasa parametric
domain.

� Classicalcharacteristicclass theory has concludedthat no
closedsurfaceadmitsanaf�ne atlasexcepttori, soit provides
evidencethat the existenceof extraordinarypoints depends
only on topology.

� Besidesthetheoreticaladvances,this paperalsodevisesa set
of practicalalgorithmsthat enablethe effective modelingof
triangularB-splinesurfacesover manifold domains.The re-
sulting surfaceis a piecewise polynomial surfacewith high
parametriccontinuitywithoutany patchingor trimmingoper-
ations.

� Due to the intrinsic topologicalobstructionsassociatedwith
domainmanifolds,the manifold triangularB-splinestill ad-
mits singularpoints(which cannot be evaluatedby thenew
splinescheme).However, our modelingalgorithmsareable
to constructthemanifoldsplinebasedon triangularB-splines
with the minimum numberof singular points. This lower
boundresultsfrom Riemannsurfacetheory(e.g.,conformal
structure).



In this paper, we chooseto work on triangularB-splinesandtheir
manifold generalization,mainly becausetriangularB-splineshave
many importantproperties:

� TriangularB-splinesurfacesarede�ned over arbitraryplanar
triangulations,and they generalizetensor-productB-splines.
Unlike tensor-productB-splines,it hasno strict requirements
for connectivity of theunderlyingmeshdomain.

� Local support,parametricaf�ne invariance,thecompleteness
of basisfunctions,andpolynomialreproductionareattractive
propertiesfor triangularB-splines,and they still hold when
generalizingto manifoldsplines.

� TriangularB-splinesexhibit the maximalorderof continuity
with the lowestpossibledegreeof their basisfunctions. For
example,they achieve C2 continuity whenusingonly cubic
polynomials. Furthermore,spatially-varying smoothnessre-
quirementsandsharpfeaturescanbeeasilyachievedvia dif-
ferentknotplacementsin theparametricdomain.

With ournew resultsshown in thispaper, it is ratherstraightforward
to generalizeotherpopularsplinesto theirmanifoldcounterpartsby
adoptingour techniqueson triangularB-splines(seeFigure8). It
may be notedthat the new triangularB-splinesde�ned over arbi-
trary manifoldsmaystill have special,singularpointswhich must
requireseparate,additionalcare(Notethatsingularpointsfor man-
ifold splinesdiffer from extraordinarypoints of subdivision sur-
faces,wherethevertex valenceis theonly criterion). Theintrinsic
reasonfor the existenceof singularpoints (whenusing manifold
splines)is dueto thetopologicalobstructionof theunderlyingdo-
main. In principle,anarbitrarydomaincannot offer a specialatlas
suchthatall transitionfunctionsareaf�ne. In practice,however, by
removing a �nite numberof points,thedomainwill thenadmitthe
af�ne atlasandsubsequentlyallow the meaningfulgeneralization
of triangularB-splinesto arbitrarymanifolds.

After the the problemstatementandits motivation, the remainder
of this paperis organizedasfollows. Section2 brie�y reviews the
prior work. Section3 presentsthenecessarymathematicaltoolsfor
manifoldsplines.Section4 documentsall thetheoreticalelements
of our novel manifold splines. Section5 explainsthe algorithmic
detailsfor constructingtriangularB-splinesoverarbitrarymanifold.
Section6 discussestheimplementationissuesandpresentsour ex-
perimentalresults.Finally, we concludethepaperandbrie�y dis-
cussthefutureresearchin Section7.

2 Prior Work

This sectionbrie�y surveys somerelatedwork in triangular B-
splinesandsurfacesde�ned on manifolds.

2.1 Triangular B-splines

Thetheoreticalfoundationof triangularB-splineslies in themulti-
variateB-spline,or simplex spline,introducedby [de Boor 1976].
It hasreceived muchattentionsinceits inception. [Dahmenet al.
1992]proposetriangularB-splinesfrom thepoint of view of blos-
soming,whichoffersageneralschemefor constructingacollection
of multivariateB-splines(with n� 1 continuousderivatives)whose
linear spancomprisesall polynomialsof degreeat mostn. [Fong
andSeidel1991]presentthe �rst prototypeimplementationof tri-
angularB-splinesandshow severalusefulproperties,suchasaf�ne

invariance,convex hull, locality, andsmoothness.[GreinerandSei-
del 1994]show thepracticalfeasibility of multivariateB-splineal-
gorithmsin graphicsandshapedesign.[Pfei�e andSeidel1995a]
demonstratethe �tting of a triangularB-splinesurfaceto scattered
functionaldatathroughthe useof leastsquaresandoptimization
techniques.[Franssenet al. 2000] proposean ef�cient evaluation
algorithm,whichworksfor triangularB-splinesurfacesof arbitrary
degree.[Neamtu2001]describesa new paradigmof bivariatesim-
plex splinesbasedon thehigherdegreeDelaunaycon�gurations.

Traditional B-splinesare de�ned on planar domains. Many re-
searchershave exploredthe feasiblewaysto generalizesplinesto
be de�ned on sphereandmanifoldswith arbitrary topology. We
only documenta few of themin theinterestof space.

2.2 Spherical splines

De�ning splinesover a spherehas beenstudiedduring the past
decade. [Alfeld et al. 1996a]presentsphericalbarycentriccoor-
dinateswhich naturally leadto the theoryof SphericalBernstein-
Bézier polynomials (SBB). They show �tting scattereddata on
sphere-like surfaceswith SBB in [Alfeld et al. 1996b]. [Pfei�e
and Seidel1995b] presentscalarsphericaltriangularsplinesand
demonstratethe useof thesesplinesfor approximatingspherical
scattereddata.[Neamtu1996]constructsa functionalspaceof ho-
mogeneoussimplex splinesandshows thatrestrictingthehomoge-
neoussplinesto aspheregivesriseto thespaceof sphericalsimplex
splines.[He et al. 2005]presentrationalsphericalsplinefor genus
zeroshapemodeling.

2.3 Surfaces De�ned on Manifolds

Thereare somerelatedwork on de�ning functionson manifold,
suchas[Grimm andHughes1995;Demjanovich 1996;Cotrinaand
Pla2000;Cotrinaetal.2002;YingandZorin 2004].Thesemethods
sharesimilar constructionprocedureswhich canbesummarizedas
follows:

1. Find an atlasf Ui ; f ig to cover thedomainmanifold M, with
transitionfunctionsf i j = f j � f � 1

i . All transitionfunctions
arerequiredto besmooth,especially, analyticalfunctionsare
usedin [Ying andZorin 2004].

2. De�ne functionalbasison eachchart fi : f i (Ui) ! R.

3. For eachpoint p 2 M, normalizethesefunctionsandde�ne
thebasisfunctionsBi as

Bi( p) =
fi( p)

å j f j ( p)
:

4. De�ne the functionsasF(p) = å i CiBi( p) whereCi are the
controlpoints.

It is obvious that,supposeBi is a polynomialon chart(Ui ; f i), but
Bi is not a polynomial on a different overlappingchart (U j ; f j ),
becausein generalf i j is NOT algebraicandf i j � Bi is not a poly-
nomial.

Our work is completelydifferent from the above work in that: 1)
The transitionfunctionsof our methodmustbeaf�ne. Therefore,
therequirementsof ourmethodis muchstronger. Thatis why topo-
logical obstructionplaysan importantrole in our construction.2)
Our methodproducesthepolynomialor rationalpolynomials.On
any chart,thebasisfunctionsarealwayspolynomialsor rationals,
andrepresentedasB-splinesor rationalB-splines.



A different approachusing the conceptof orbifold is introduced
in [Wallner andPottmann1997]. The transitionfunctionsof the
oribifold arenotaf�ne, thebasisfunctionsarenotalgebraiceither.

In summary, webelievemanifoldsplineshavetwo fundamentalcri-
teria:

1. Manifold: The splinesarede�ned on the domainmanifold,
namely, the evaluationof the splinesis independentof the
choiceof thechart.

2. Algebraic: locally, on any chart,thesplinesshouldbeeither
polynomials or rational polynomials.

All previousmanifoldconstructionsfocuson the�rst pointbut can
not satisfy the secondone. Most spline schemesemphasizethe
algebraicaspect,but only arede�ned onplanardomains.Ourwork
is the�rst onethatsatis�esbothcriteria,anddiscoverstheintrinsic
relationbetweenmanifoldsplineswith af�ne structures.

3 Theoretical Background

In orderto de�ne splineson manifolds,we mustfully understand
theintrinsicpropertiesof splinesandthespecialstructuresinherent
to thedomainmanifold.Thissectionpresentstherelevanttheoreti-
cal tools.

Essentially, splineshave local support,so we shall de�ne spline
patcheslocally on themanifoldandgluethelocally-de�nedspline
patchesto cover the entiredomainmanifold. Furthermore,since
splinesare invariant underparametricaf�ne transformations,we
seekto gluethepatchesusingaf�ne transitionfunctions.Therefore,
if thedomainsurfaceadmitsanatlason which all transitionfunc-
tionsareaf�ne, thenwe cangluethepatchescoherently. However,
theexistenceof suchanatlasis solelydeterminedby thetopology.
In principle,we cangluethepatchesto cover theentiresurfaceex-
cepta�nite numberof points,whicharesingularpointsandcannot
beevaluatedby theglobalsplineson themanifold. Thesesingular
pointsrepresentthetopologicalobstructionfor theexistenceof the
af�ne atlas.

3.1 Spline Theory and Properties

The most popularspline schemes,suchas tensorproductBézier
surfaces,tensorproductB-spline surfaces,triangularBézier sur-
facesandB-patches,can be uni�ed as the different variationsof
polar forms [Ramshaw 1987; Ramshaw 1989; Seidel1994]. We
shallbrie�y explain theconceptof polar forms,andthen,we con-
centrateon B-patchesandtriangularB-splinesurfaces,becauseof
their �e xibility andgenerality.

3.1.1 Polar Form

In essence,a polar form is a multivariatepolynomial that is sym-
metricandmulti-af�ne.
De�nition 3.1 (Af�ne Map). A map f : R2 ! Rn is af�ne, if
and only if it preservesaf�ne combinations,i.e., if and only if
f (å m

i= 0 a iui) = å m
i= 0 a i f (ui) whenever å m

i= 0a i = 1.
De�nition 3.2(Symmetric,Multi-Af�ne). LetF beann-variable
map.F is symmetricif andonly

F(u1;u2; � � � ;un) = F(up(1) ;up(2) ; � � � ;up(n))

for all permutationsp 2 å n. ThemapF is multi-af�ne if andonly
if F is af�ne in each argumentif theothers are held�xed.

The well-known blossomingprinciple indicatesthat any polyno-
mial is equivalentto its polarform.
Proposition3.3. PolynomialsF : R2 ! Rt of degreen, anda sym-
metric multi-af�ne map f : (R2)n ! Rt are equivalent. Given a
mapof eithertype, uniquemapof theothertypeexiststhatsatis�es
theidentityF(u) = f (u; � � � ;u

| {z }
n

). Themapf is calledthemulti-af�ne

polar form or blossomof F.

3.1.2 B-patches and Triangular B-splines

TriangularB-splinesurfacescanbede�ned onplanardomainswith
arbitrarytriangulations.In particularregions,triangularB-splines
areB-patches.For theconvenience,we introducenotationswhich
are similar to thoseemployed in [Dahmenet al. 1992; Gormaz
1994]. Essentially, we formulateB-patchesthroughthe useof a
polar form. Let DI := [tI0; tI1; tI2] be the triangle“I” of our triangu-
lation T of R2. For eachvertex tI

i we assigna list of k distinct
additionalknots

tIi := f tIi;0; tIi;1; : : : ; tIi;kg: (1)

Therule proposedin [Dahmenet al. 1992]consistsof producinga
subsetV I

b , whereb = (b0;b1;b2) arethreenonnegative integers,as
follows:

V I
b := f tI0;0; tI0;1; : : : ; tI0;b0

; tI1;0; tI1;1; : : : ; tI1;b1
; tI2;0; tI2;1; : : : ; tI2;b2

g:

If we want to de�ne a degreek simplex splines,we must impose
that

jbj := b0 + b1 + b2 = k:

V I
b is thesetof all knotsassociatedwith onevertex in T .

Wefurtherde�ne DI
b := [tI0;b0

; tI1;b1
; tI2;b2

] and

XI
b := (tI0;0; : : : ; tI0;b0� 1; tI1;0; : : : ; tI1;b1� 1; tI2;0; : : : ; tI2;b2� 1) 2 (R2) jbj :

(2)
XI

b is thesetof knotsassociatedwith onecontrolpoint f (XI
b).

If DI
b is non-degenerate,it is possibleto de�ne thebarycentricco-

ordinatesof u 2 R2 with respectsto this triangle:

u =
2

å
i= 0

l I
b;i(u)tIi;bi

; and
2

å
i= 0

l I
b;i(u) = 1: (3)

ThegeneralizedalgorithmcomputesF(u) startingfrom thevalues
f (XI

b), jbj = k. Thosevaluesarecalledthepolesof F. Let usde�ne

XI
buv := XI

b � (u;u; : : : ;u
| {z }

v

) 2 (R2) jbj+ v

andassignCv
b(u) := f (XI

buv) with jbj = k � v, thealgorithmuses
thek-af�nity of f statingtherecurrencerelation:

C0
b(u) := f (XI

b); jbj = k

Cv+ 1
b (u) :=

2

å
i= 0

l I
b;i(u)Cv

b+ ei (u); (4)

whereei denotesthecanonicalbasisvector. ThenF(u) = Ck
0(u). If

thebasisfunction for the pole f (XI
b) is denotedasBI

b(�), thenwe
obtain

F(u) = å
jbj= k

f (XI
b)BI

b(u):



3.1.3 Triangular B-spline Properties

TriangularB-splineshave the following valuablepropertieswhich
arecritical for geometricandsolidmodeling:

1. Localsupport.Thesplinesurfaceshaslocalsupport.In order
to evaluatethe imageF(u) of a point u 2 DI , we only need
controlpointscJ

b (associatedwith knot setVJ
b on triangleJ),

wheretriangleJ belongsto the1-ring neighborhoodof trian-
gle I .

2. Convex hull. Thepolynomialsurfaceis completelyinsidethe
convex hull of thecontrolpoints.

3. Completeness.TheB-splinebasisis complete,namely, a set
of degreen B-splinebasiscanrepresentany polynomialwith
degreenogreaterthann via a linearcombination.

4. Parametricaf�ne invariance. Thechoiceof parameteris not
unique:if onetransformstheparameteraf�nely andthecorre-
spondingknotsof controlpointsaretransformedaccordingly,
then the polynomial surfaceremainsunchanged(seeFigure
1).

5. Af�ne invariance. If thecontrolnetis transformedaf�nely , the
polynomialsurfacewill beconsistentlytransformedaf�nely .

Note that parametricaf�ne invarianceis different from af�ne in-
variance.Thediagramsbelow illustratetheradicaldifference.

u;V I
b f (u); f (V I

b)

F F � f

-f

? ?
-

f

cI
b f (cI

b)

F f � F

-f

? ?
-

f

(a)Parametricaf�ne invariance (b) Af�ne invariance

The left oneabove representsparametricaf�ne invariance,which
refersto thepropertythat,undera transformationbetweenparame-
terdomains,theshapeof thepolynomialsurfaceremainsthesame;
theright oneabove indicatesaf�ne invariance,which refersto the
propertythatundera transformationof thecontrolpoints,thepoly-
nomialsurfacewill changeaccordingly.

(a) Original DMS spline. (b) TransformedDMS spline.

Figure1: ParametricAf�ne Invariance:(a) and(b) aretwo trian-
gular B-splinessharingthe samecontrol net, the two parametric
domainsdiffer only by anaf�ne transformation.Thesamecontrol
netsresult in the samepolynomialsurfacesshown in (a) and(b).
(Splinemodelcourtesyof M. Franssen.)

Theaforementionedpropertiesareextremelyimportantfor geomet-
ric andsolidmodelingapplications.For example,thelocal support
will allow designersto adjustthesurfaceby moving nearbycontrol
pointswithout affectingtheglobalshape.Therefore,it is crucialto
preserve thesepropertieswhenwegeneralizetheplanardomainB-
splinesto manifold B-splines.We will prove thata generalization

doesexist, and thesedesirablepropertiescan be preserved. The
generalizationcompletelydependson theso-calledaf�ne structure
of the domainmanifold. The local supportandparametricaf�ne
invariancearecrucialfor constructingmanifoldsplines.

3.2 A�ne Structure

PSfragreplacements

Ua Ub

f a f b

f ab = f b � f � 1
a

f a (Ua ) f b(Ub)

Figure 2: Af�ne Manifold: The manifold is coveredby a set of
charts(Ua ; f a ), wheref a : Ua ! R2. If two charts(Ua ; f a ) and
(Ub; f b) overlap,the transitionfunction f ab : R2 ! R2 is de�ned

as f ab = f b � f � 1
a . If all transitionfunctionsare af�ne, then the

manifold is an af�ne manifold. The atlasf (Ua ; f a )g is an af�ne
structure.

Our manifold splinesare de�ned over manifolds with arbitrary
topologywith or without boundaries.A manifold canbe treated
asasetof opensetsin R2 gluedcoherently.
De�nition 3.4. A 2 dimensionalmanifold is a connectedHaus-
dorff spaceM for which every point has a neighborhoodU that
is homeomorphicto an opensetV of R2. Such a homeomorphism
f :U ! V is calleda coordinatechart. Anatlasis a familyof charts
f (Ua ; f a )g for which Ua constituteanopencoveringof M.

An af�ne atlasis anatlaswith specialtransitionfunctions.
De�nition 3.5. A 2 dimensional manifold M with an atlas
f (Ua ; f a )g, if all chart transitionfunctions

f ab := f b � f � 1
a : f a (Ua

\
Ub) ! f b(Ua

\
Ub)

are af�ne, then the atlas is called an af�ne atlas, M is called an
af�ne manifold(seeFigure 2).

Two af�ne atlasesare compatibleif their union is still an af�ne
atlas. All thecompatibleaf�ne atlasesform an af�ne structure of
themanifold(seeFigure2).

For closedsurfaces,only genus-onesurfaceshave af�ne structures
(seeFigure2), but all surfaceswith boundarieshave af�ne struc-
tures.Next, in orderto constructaf�ne atlasfor generalsurfacesin
practice,we needcertaintheoreticaltoolswhich areinducedfrom
theconformalstructure of thedomainmanifold.

3.3 Conformal Structure

Similar to af�ne structure,conformalstructureis alsoan intrinsic
structureof thesurface.A conformalatlasis anatlassuchthatall
transitionfunctionsare conformal(analytic). Two conformalat-
lasesare compatibleif their union is still a conformalatlas. All



compatibleconformalatlasesform conformalstructure. All sur-
faceshave conformal structureand are called Riemannsurfaces
[JostandSimha1997]. Conformalstructureis closely relatedto
af�ne structure. In particular, an af�ne atlascanbe computedby
usingspecialdifferentialcomplex formsde�ned on theconformal
atlas.

3.3.1 Riemann Surface

TheRiemannsurfaceis a surfacewith a conformalatlas,suchthat
all transitionfunctionsareanalytic.
De�nition 3.6(Analytic Function). A function f : C ! C;(x;y) !
(u;v) is analytic,if it satis�esthefollowingRiemann-Cauchyequa-
tion

¶u
¶x

=
¶v
¶y

;
¶u
¶y

= �
¶v
¶x

De�nition 3.7 (Riemann Surface). A RiemannsurfaceM is a 2-
manifold with an atlas A = f (Ua ; f a )g, such that all transition
functionsf ab : C ! C are analytic. All compatibleaf�ne atlas
formsa conformalstructure of M.

Analytic functionsare conformal, which intuitively meansangle
preserving. It is well known thatall orientedmetric2 manifoldsare
Riemannsurfacesandhave auniqueconformalstructure,suchthat
oneachchartUa ; f a , the�rst fundamentalform canberepresented
asds2 = l (u;v)(du2 + dv2). [Gu andYau2002;GuandYau2003]
introducepracticalalgorithmsto computethis conformalstructure
ongeneraltriangularmeshes.

3.3.2 Holomorphic 1-form

In orderto �nd an af�ne atlas,we needspecialdifferential forms
de�ned on theconformalstructure.
De�nition 3.8 (Holomorphic 1-form). Givena Riemannsurface
M with a conformalstructureA, a holomorphic1-formw is a com-
plex differential form,such thaton each local chart (U; f ) 2 A,

w = f (z)dz; (5)

where f (z) is ananalyticfunction,z= u+ iv is thelocal parameter
in thecomplex form.

Genuszero surfacehasno holomorphic1-forms. The holomor-
phic 1-formsof closedgenusg surfaceform a g complex dimen-
sional linear space,denotedas W(M). A conformalatlascan be
constructedby usinga basisof W(M). This is themethodderived
in [Gu andYau2002;Gu andYau2003]. Consideringits geomet-
ric intuition, a holomorphic1-form canbevisualizedastwo vector
�elds w = (wx;wy), suchthat thecurlex of wx andwy equalzero.
Furthermore,onecanrotatewx aboutthe normala right angleto
arrive at wy,

Ñ � wx = 0;Ñ� wy = 0;wy = n� wx:

By integratinga holomorphic1-form, anaf�ne atlascanbeeasily
constructed.Figure8(a),4(a),5(a) illustrateholomorphic1-forms
onsurfaces.Thetexturecoordinatesareobtainedby integratingthe
1-formon thesurface(see[Gu andYau2003]for thedetails).

3.3.3 Singular Points

Accordingto Poicaŕe-Hopf theorem,any vector�eld on a surface
with nonzeroEulernumbermusthavesingularitieswherethevector
�eld is zero. Suchsingularitiesof w = (wx;wy) are called zero
points,

De�nition 3.9 (Zero Point). Givena RiemannsurfaceM with a
conformalstructure A, a holomorphicone-formw, w = f (z)dz,
where f (z) is an analytic functionand z = u+ iv is the local pa-
rameter. If at point p, f (z) equalsto zero, p is a zero point of w.

In fact, it can be proven that zero points do not dependon the
choiceof the local chart at all. For a Riemannsurface M with
genusg, a holomorphic1-form w has2g� 2 zeropointsin princi-
ple. Zeropointsaresingularpointsfor our manifoldsplines(to be
constructedlater). Figures8(a),4(a), demonstratethe zeropoints
(singularpoints) on the 1-form. The centersof regionswith oc-
tagonsarethezeropoints.

4 Manifold Spline Theory

In thissection,wewill systematicallyde�ne manifoldsplinesusing
our theoreticalresultson af�ne structureand triangularB-splines
andshow theirexistenceis equivalentto thatof af�ne structure.We
�rst discusstheexistenceof af�ne structurefor generalmanifolds,
andthenwecomputetheaf�ne structurethroughtheuseof confor-
malstructurefor any manifold.For theconsistency of ourmanifold
splinetheory, we shall utilize the parametricaf�ne invarianceand
polynomialreproductionpropertiesof generalsplineschemes(tri-
angularB-splinesin particularfor thispaper).

4.1 De�nition and Concept

A manifold spline is geometricallyconstructedby gluing spline
patchesin a coherentway, suchthat the patchescover the entire
manifold.Theknotsandcontrolpointsarealsode�nedconsistently
acrossthepatchesandthesurfaceevaluationis independentof the
choiceof chart.First of all, we de�ne thelocal splinepatch.After
that,we de�ne a globalmanifoldsplinewhich canbedecomposed
into acollectionof local splinepatches.
De�nition 4.1 (Spline SurfacePatch). A degreek splinesurface
patch is a triple S= (U;C;F), where U � R2 is a planar simply-
connectedparametric domain. F : U ! R3 is a piecewise poly-
nomial surfaceandC is the setof control points,C := f cI

b;XI
b 2

(R2) jbj ; jbj = kg. F canbeevaluatedfromC bypolar form.
De�nition 4.2(Manif old Spline). A manifoldsplineof degreek is
a triple (M;C;F), where M is the domainmanifoldwith an atlas
A = f (Ua ; f a )g. F is a mapF : M ! R3 representingthe entire
splinesurface. TheknotstI

i; j are de�ned on M directly. C is the
control pointsset,each control point cI

b is associatedwith a setof

knotsXI
b which are de�nedon thedomainmanifoldM directly,

C := f cI
b;XI

b 2 Mjbj ; jbj = kg

such that

1. For each chart (Ua ; f a ), therestrictionof F onUa is denoted
asFa = F � f � 1

a , a subsetof control pointsCa canbeselected
fromC, such that (f a (Ua );Ca ;Fa ) form a splinepatch of de-
greek, whereCa := f cI

b; f a (XI
b) 2 (R2) jbj ; jbj = kg.

2. Theevaluationof F is independentof thechoiceof the local
chart, namely, if Ua intersectsUb, thenFa = Fb � f ab , where
f ab is thechart transitionfunction.

Thetechnicalessenceof theabove de�nition is to replacea planar
domainby theatlasof thedomainmanifold,andthesurfaceeval-
uationof thesplinepatchesis independentof thechoiceof charts



(seeFigure7). After the formal de�nition, we useonesimpleex-
ampleto further illustratetheconceptof our manifoldsplines(see
Figure3).

One Dimensional Example. Herethe domainmanifold is a unit
circle S1. Therearen distinct pointst0;t1; � � � ; tn� 1 distributedon
thecircle in a counterclockwiseway. All thesummationandsub-
tractionon indicesaremodularn. Theintervalsbetweenpointsare
arbitrary. Thecontrol net is a planarn-gon,thecontrol pointsare
denotedasc0;c1; � � � ;cn� 1 alsoin a counterclockwiseway, andthe
knotsfor ci areti� 2;ti� 1;ti ;ti+ 1;ti+ 2.

Theaf�ne atlasof S1 is constructedin the following way: thearc
segmentUi = (ti� 2 � e;ti� 1;ti ;ti+ 1;ti+ 2 + e);e 2 R+ is mappedto
aninterval in R1 by f i : S1 ! R1, suchthat

f i(ti) = a; f i (t) = a+ b
Z t

ti
ds;a 2 R ;b 2 R+ : (6)

wherea, b are arbitrarily chosen. The union of all local charts
(Ui ; f i) form anaf�ne atlasA = f (Ui ; f i)g. Notethatby choosing
differenta, b, theremightbein�nite local chartsin A.

Thecontrolnetcorrespondingto local chart(Ui ; f i ) is theline seg-
mentsCi = f ci� 1;ci ;ci+ 1;ci+ 2g. Thepiecewisepolynomialcurveis
formedby n piecesof polynomials,thei-th pieceFi : [ti ;ti+ 1] ! R2

is evaluatedon (Ui ; f i) with control polygon Ci using cubic B-
spline.

Thenwe de�ne thecubicB-splinecurve on theunit circle consis-
tently. It is C2 continuouseverywhere. The B-splinepatchesare
f f i (Ui);Ci ;Fig.

The above examplecan be trivially extendedto constructa two-
dimensionalsurfacein a similar way. The key stepis to �nd an
af�ne atlasfor thedomainmanifold. Thenext sectionwill discuss
theexistenceof suchanatlasfor general2-manifoldsin detail.
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Figure3: Manifold splinesonS1: (a)Thedomainmanifoldis aunit
circle S1 with n distinctknotst0; : : : ;tn� 1; (b) Thei-th splinepatch
Ui = (ti� 2 � e; : : : ;ti+ 2 + e); (c) The i + 1-th splinepatchUi+ 1 =
(ti� 1 � e; : : : ;ti+ 3 + e).

4.2 Equivalence to A�ne Atlas

Thecentralissueof constructingmanifold splinesis that theatlas
mustsatisfysomespecialpropertiesin orderto meetall therequire-
mentsfor theevaluationindependenceof chartselection.We will

show that for a local splinepatch,theonly admissibleparameteri-
zationsdiffer by anaf�ne transformation.This requiresthatall the
charttransitionfunctionsareaf�ne.

4.2.1 Admissible Parameterizations

From the evaluation processin (4), it is obvious that the only
information used there are barycentric coordinates(3) of the
parameterwith respectto the knots of the control points. If we
changethe parameterby an af�ne transformation,the evaluation
is invariant and the �nal shapeof the spline surfacewill not be
modi�ed. On the otherhand,an af�ne transformationis the only
parametrictransformationthat will keepthe consistency between
the spline surface and its parameters. In other words, af�ne
transformationsaretheonly admissibleparametrictransformations
for a spline patch. Note that we presentfour major theoremsas
our theoreticalresultsin this section. However, in the interestof
technical�o w, we defer their proof to the appendixat the endof
thispaper.

Theorem1. Thesuf�cient andnecessaryconditionfor a manifold
M to admitmanifoldsplineis thatM is anaf�ne manifold.

This theoremindicatesthat the existenceof manifold splinesde-
pendson the existenceof af�ne atlas. If the domainmanifold M
is anaf�ne manifold,wecaneasilygeneralizetheplanartriangular
B-splinesurfacesto bede�nedonM directly. Weusethesamesym-
bolsfor manifoldsplineasin Section3.1.2.Themajordifferences
areasfollows:

1. Theknotsassociatedwith eachvertex t I
i in (1) arede�ned on

themanifolddirectly.

2. Theknotsassociatedwith eachpoleXI
b in (2) arede�ned on

M directly.

3. The barycentriccoordinatesl I
b;i usedin the evaluationpro-

cess(3) arede�ned on any chartof A. BecauseA is af�ne,
thevalueof thebarycentriccoordinatesis independentof the
choiceof thechart.

4.3 Existence

From the previous discussion,it is clear that in order to de�ne a
manifold spline, an af�ne atlasof the domainmanifold must be
found �rst. According to characteristicclasstheory [Milnor and
Stasheff 1974], generalclosed2-manifoldsdo not have an af�ne
atlas. On the other hand,all opensurfacesadmit an af�ne atlas.
In orderto de�ne manifoldsplines,thedomainmanifoldhasto be
modi�ed to admit an atlasby removing a �nite numberof points.
Thisoffersatheoreticalevidenceto theexistenceof singularpoints
dueto thetopologicalobstruction.

A classicalresult from characteristicclasstheoryclaims that the
only closedsurfaceadmittingaf�ne atlasis of genusone.

Theorem 2 (Benźecri). Let S be a closedtwo dimensionalaf�ne
manifold,thenc(S) = 0.

This result is �rst proven by Benźecri [Benźecri 1959]. Shortly
after his proof, J. Milnor presenteda much more broaderresult
usingvectorbundletheories[Milnor 1958]. In this framework, the
topologicalobstructionof a globalaf�ne atlasis theEulerclass.In
fact,by removing onepoint from thecloseddomainmanifold,we
canconvert it to anaf�ne manifold.



Theorem 3 (Open Surfacesare Af�ne Manif old). Let M be an
orientableopen2-manifold,thenM is af�ne manifold.

4.4 Spline Construction

Theexistencetheoremgivesrise to thepossibility of generalizing
triangularB-splinesto manifolddomains.Next, weshallpresentan
explicit way to constructaf�ne atlasby utilizing the holomorphic
1-formsof M.

Given a holomorphic1-form w on a surfaceM, assumeits zero
point setis Z; then,anaf�ne atlasA for M nZ canbeconstructed
straightforwardly.

Theorem 4 (Af�ne Atlas Induced fr om Conformal Structur e).
Givena closedgenusg surfaceM, and a holomorphic1-form w,
thezero setof w is Z, thenthesizeof Z is no more than2g� 2 and
there existsanaf�ne atlason M nZ deducedbyw.

4.4.1 Singular Points

Traditional subdivision surfaces,suchas Catmull-Clark[Catmull
and Clark 1978], Doo-Sabin[Doo and Sabin 1978], and Loop
subdivision [Loop 1987] surfacescanbe consideredspecialcases
of manifold splines. The existenceof extraordinary points in
all subdivision schemesresults from their intrinsic topological
obstructions.No matterhow thedomainmanifoldis remeshed,the
extraordinarypointscannotbeentirelyremovedunlessthedomain
manifold is a torus. Similarly, we cande�ne triangularB-splines
on any triangularmesh.If theEulernumberof thedomainmeshis
nonzero,theremustbesingularpoints.

Corollary 1 (Existenceof Singular Points). Themanifoldsplines
musthavesingularpointsif thedomainmanifoldis closedandnot
a torus.

In addition,basedon the above discussion,we concludethat the
minimal numberof extraordinarypoints is one for all kinds of
closed2-manifolds.

Corollary 2 (Minimal Number of Singular Points). Given a
closeddomain2-manifold,if its Euler numberis not zero, a man-
ifold splinecan be constructedsuch that the splinehas only one
singularpoint.

The theoreticresultsin this sectionnaturally guide us to design
practicalalgorithmsto computeaf�ne atlasesfor arbitrarytriangu-
lar meshesandsubsequentlyde�ne manifoldsplineson them.

5 Manifold Spline Algorithm

This sectionpresentsa setof practicalalgorithmsfor constructing
manifoldsplinesbasedontriangularB-splinescheme.It is straight-
forwardto de�ne manifoldNURBSusingsimilar algorithms.

5.1 Algorithm Overview

The major procedurescan be summarizedas the following main
control�o w,

Construction of manifold splines
1. Compute a holomorphic 1-form basis for the domain

mesh M (Section 5.2).
2. Select one holomorphic 1-form which optimizes a

specified criteria, such as uniformity
(see [Jin et al. 2004]).

3. Locate zero points of the 1-form (Section 5.3).
Remove zero-point neighborhoods, denote the union
of zero-point neighborhoods as Z.

4. Compute the affine atlas for M nZ (Section 5.4).
5. Assign knots for each control point (Section 5.5).
6. Evaluate the spline surface (Section 5.6).

5.2 Holomorphic 1-form

Thealgorithmfor computingtheholomorphic1-formfor atriangu-
lar meshis asfollows:

Compute Holomorphic One Form
1. Compute the first homology group basis of the

domain manifold M, H1(M;Z).
2. Compute the first cohomology group basis of the

domain manifold M, H1(M;R).
3. Compute harmonic 1-form basis from H1(M;R) using

heat flow method.
4. For each harmonic 1-form basis wx, locally rotate

a right angle about the normal to get wy (Hodge
star operator), pair (wx;wy) to form a holomorphic
1-form basis.

Thecomputationprocessis equivalentto solvinganelliptic partial
differential equationon the surfaceusing �nite elementmethod.
Thedetailsfor computingholomorphic1-form arethoroughlyex-
plainedin [Gu andYau2002;GuandYau2003].

5.3 Locating Singular Points

If theresolutionof a meshis high enough,theholomorphic1-form
is accurateenoughto locatethezeropointsautomatically.

Usingtheholomorphic1-form, theneighborhoodof thezeropoint
will be mappedto a planarregion. The behavior of the map is
similar to themapz ! z2;z2 C in theneighborhoodof theorigin.
More rigorously, acircle aroundthezeropointwill bemappedto a
curve which passesaroundtheorigin at leasttwice. (Thewinding
numberof theimagecurve abouttheorigin is no lessthan2.)

Thefollowing algorithmaimsto locatezeropoints:

Locate Zero Points
Given a vertex v 2 M, a holomorphic 1-form w,

1. Find all the vertices connecting to vertex v sorted
counterclock-wisely, denoted as w0;w1; � � � ;wn� 1.

2. Map wi to the plane using w, f (wi ) =
Rwi

v w.
3. Compute the summation of the exterior angles of the

planar polygon f (w0); f (w1); � � � ; f (wn� 1), if the summation
is 2p, then v is a normal point; if summation is no
less than 4p, then v is a zero point.

5.4 Constructing A�ne Atlas

An af�ne atlascanbeconstructedin thefollowing way.



Construct Affine Atlas
1. Locate zero points of w, denote the zero points Z.
2. Remove zero points and the faces attaching to them.
3. Construct an open covering for M nZ. For each

vertex, take the union of all faces within its
k-ring neighbor as an open set U.

4. Test if the union of any two Ua , Ub is a topol-
ogical disk by checking the Euler number of Ua

S
Ub.

If not, subdivide Ua .
5. Pick one vertex pa 2 Ua , for any vertex p 2 Ua ,

define f a (p) =
Rp

pa w.

6. Compute coordinate transition functions, f ab =
Rpb

pa w.

5.5 Assigning Knots

Theconnectivity of thecontrolnetcanbeeasilydeterminedby the
uniform subdivision of the domainmesh. For example,if the de-
siredsplinesurfaceis quadratic,eachfaceonM will besubdivided
to four faceson the control net. Therefore,eachfaceon the con-
trol meshis coveredby one faceon M. Eachcontrol point will
thenassociatewith a groupof knots. Theknotsarede�ned in the
following way.

Knot Assignment Algorithm
1. Given a control point c 2 C and a face f attached

to c. Suppose f is covered by F 2 M. Choose one
local chart (Ua ; f a ) covering F, and assign knots XF

b

to c in this local chart.
2. Record the chart id a, the knots XF

b for c.

5.6 Surface Evaluation

As explainedabove, the evaluationprocessis independentof the
choiceof the chart. The chart can be chosenarbitrarily, and all
associatedknotsmustthenbeconvertedto theselectedchart.

Evaluation Algorithm
1. Choose a face F on M, choose a coordinate chart

(Ua ; f a ) covering F.
2. Locate all control points associate with F.
3. If the knots of a control point c is define on

coordinate chart b, then convert the knots to
chart (Ua ; f a ) using transition function f ba .

4. Evaluate the polynomial surface using the eval-
uation algorithm for B-spline surface with
planar domain on (Ua ; f a ).

6 Implementation and Experimental Re-
sults

In our implementation,we considerdomainmanifoldsrepresented
as triangularmeshesM. We usevk to denotethe verticesof M,
[vi ;v j ] denotetheorientededgefrom vi to v j , [vi ;v j ;vk] to denote
anorientedfaceof M.

Table1: Splinecon�gurations

object genus #singular
points degree #domain

triangles
#control
points

Knot 1 0 3 400 1800
Two-holetorus 2 2 3 502 2270

Sculpture 3 4 3 1458 6583

6.1 Data Structure

Theprimarydatastructuresin our prototypesystemfor construct-
ing manifoldsplinesaredomainmeshM, control netC, af�ne atlas
A, andholomorphic1-formw.

Domain Mesh M. The domain meshin generalis a triangular
mesh,representedby a half-edgedatastructure.Eachfaceis cov-
eredby severalcoordinatecharts.

Control Net C. The control net is alsoa triangularmesh,repre-
sentedby half edgedatastructure.Theconnectivity of thecontrol
net is deducedfrom that of thedomainmeshby uniform subdivi-
sionandthedegreeof themanifoldspline.Eachfaceonthecontrol
netcorrespondsto onecoveringfacein thedomainmesh.

Atlas A. The atlasis setof chartsandall the transitionfunctions
amongthem.Thetransitionfunctionsaretranslationson theplane;
if the a-th chart and the b-th chart intersect,thereis a transition
functionf ab , representedasa translationvectorin R2. Eachchart
is asetof adjacentfaces,which form atopologicaldisk. Weensure
that theunionof two intersectingchartsis still a topologicaldisk.
The local coordinatesarenot recorded,but computedin real-time
by integratingholomorphic1-formw.

Holomorphic 1-Form w. A holomorphic1-form is representedby
a mapfrom theorientededge(half-edge)setof M to R2, w : E !
R2, suchthatfor any face[v0;v1;v2],

w[v0;v1] + w[v1;v2] + w[v2;v0] = 0:

6.2 Experimental Results

Ourprototypesystemis implementedin C++onwindowsplatform.
We build a completesystemfor computingtopologicalstructure,
conformalstructure,andaf�ne structure.The systemis basedon
a half-edgedatastructure,and usesthe �nite elementmethodto
solve elliptic partialdifferentialequationson surfaces.Thesystem
includestraditionalmeshprocessingfunctionalities,suchasmesh
simpli�cation, subdivision, smoothing,andprogressive meshalgo-
rithms.But themainfunctionalitiesof thesystemarecomputingthe
homologygroup,cohomologygroup,harmonic1-forms,holomor-
phic 1-forms,globalconformalparameterizations,manifoldspline
construction,andsurfaceevaluation.

Table6.2 summarizesour experimentresults. Figure4 illustrates
theprocessof ourmanifoldsplinebyconstructingamanifoldspline
ona genus2 surface.A sophisticatedgenus3 manifoldsplinecon-
structionis demonstratedin Figure8. Both of theabove manifold
splineshave singularpoints. Figure5 shows a genus1 manifold
splinewithout singularpoints.Theresultsprove boththetheoretic
rigor andfeasibility in practice.

7 Conclusion

Wehaveprovedin thispaperthatde�ning triangularB-splinesover
arbitrarymanifoldsisequivalentto theexistenceof anaf�ne atlasof
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Figure4: Constructionof manifoldspline:(a) Holomorphic1-form w, theoctagonalregion indicatesa singularpoint; (b) Domainmanifold
M; (c) Singularpoint removal M nZ; (d) Manifold splineF; (e) SplinesurfaceF coveredby controlnetC; (f) Theregionsof singularpoints
are�lled.

(a) (b)

(c) (d)

Figure 5: Manifold spline example: (a) Holomorphic1-form w;
(b) DomainmanifoldM; (c) SplinesurfaceF; (d) SplinesurfaceF
coveredby controlnetC.

theunderlyingmanifold. In addition,wehavearticulatedasystem-
atic way to constructan af�ne atlasfor generalmanifoldsandde-
velopeda suiteof algorithmsthatenablethede�nition andcompu-
tationof triangularB-splinesoverany manifolddomain(consisting
of generalmeshes).Our theoreticalandalgorithmiccontribution to
the�eld of solidandphysicalmodelingis ageneralframework that
extendsspline surfaceswith planardomainsto manifold splines,
which arepiecewise polynomialsde�ned over arbitrarymanifold.
Becauseof the intrinsic topologicalobstructionfor any manifold,
singularpointsareunavoidable.Weutilize theconceptandcompu-
tationaltechniquesof Riemannsurfacetheory(especiallytheholo-
morphic1-forms)to obtaintheaf�ne atlasandminimizethenum-
berof singularpointsfor ourmanifoldsplinessimultaneously. The
prototypesoftwareandexperimentalresultshave demonstratedthe
greatpotentialof our manifoldsplinesin shapemodeling,geomet-
ric design,graphics,andengineeringapplications.

At present,we areplanningto pursueseveral directionsas future
work. First, the behavior of singularpointsis not yet known. We
shallseeknew mathematicaltools for therigorousanalysisof sin-
gularpoints.Second,weshallinvestigateothernew splineschemes
andexploretheirmanifoldgeneralizations.
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Figure6: Opensurfacesareaf�ne manifolds.

We presentthedetailedproof of our major theoreticresultsin the
Appendix.
Lemma 1. Assumethere are twosplinesurfacepatchesof Ck con-
tinuity, k > 0,

S= (U;C;F) andS̃= (Ũ ;C̃; F̃):

Theparametrictransformation

f : U ! Ũ



is invertible. SupposeS;S̃ share the sameknot con�guration,
namely, thetriangulation T̃ is inducedfromT by f , andtheknots
t̃ I
i; j are inducedfromt I

i; j by f

t̃ I
i; j = f (t I

i; j ); (7)

thecontrol pointswith correspondingknotscoincidecI
b = c̃I

b, then

1. if f is af�ne, thenF = F̃ � f holdsfor arbitrary control nets.

2. if F = F̃ � f holdsfor arbitrary control nets,thenf is af�ne.

In otherwords,thefollowingdiagramcommutesfor arbitrary con-
trol nets

U � R2 Ũ � R2

F(U) � R3 F̃(Ũ) � R3

-f

?
F

?
F̃

-
id

(8)

if andonly if f is af�ne.

Proof. Thesuf�cient conditionpart is obvious,becausetheevalu-
ation of the splinesonly involvesbarycentriccoordinates.Af�ne
transformationspreserve thebarycentriccoordinates;thereforethe
diagramis commutative.

Theproof for thenecessaryconditionrequiresthecompletenessof
the spline scheme3.3. We set all control points of C to be zero
excepttheonecorrespondingto knotsXI

b. Correspondingly, we set

all controlpointsof C̃ to bezeroexceptonecorrespondingto knots
X̃I

b. Thenwe getthebasisfunctionsF(u) = NI
b(u), F̃ = ÑI

b(ũ), by

F = F̃ � f , weget
NI

b(u) = ÑI
b(ũ):

Therefore,all basisfunctionsof S equalthe correspondingbasis
functionsof S̃. Supposeu = (u1;u2), thenu1 is a polynomialof
(u1;u2). By completenessof the splinescheme,u1 canbe repre-
sentedasthe linearcombinationof NI

b(u), thereforeit canberep-

resentedasthelinearcombinationof ÑI
b(ũ). As a result,u1 andu2

canberepresentedaspiecewisepolynomialsof ũ of Ck continuity.
BecauseSandS̃aresymmetric,ũ arealsopiecewise polynomials
of u of Ck continuity. Therefore,u and ũ can linearly represent
eachotherpiecewisely with Ck continuity. So,becausetheparam-
etertransitionf is piecewiselinearandCk continuous,f mustbea
globallinearmapover all pieces.In otherwords,f is af�ne.

Theorem1. Thesuf�cient andnecessaryconditionfor a manifold
M to admitmanifoldsplineis thatM is anaf�ne manifold.

Proof. Consider two intersecting local charts (Ua ; f a ) and
(Ub; f b), wherethemanifoldsplineF restrictedonthemareFa and
Fb, respectively. Weselectasubsetof controlpointsC whoseknots
arecontainedin Ua

T
Ub. Thesplinepatches(f a (Ua

T
Ub);C;Fa)

and(f b(Ua
T

Ub);C;Fb) satisfy the condition in lemma1, there-
fore, thecharttransitionfunctionf ab mustbeaf�ne.

Theorem 2 (Benźecri). Let S be a closedtwo dimensionalaf�ne
manifold,thenc(S) = 0.

The proof for this classical result can be found in Benźecri's
work [Benźecri 1959;Benźecri 1960]. Milnor usedvectorbundle
theoriesto prove it in [Milnor 1958;Milnor 1977].

Theorem 3 (Open Surfacesare Af�ne Manif old). Let M be an
orientableopen2-manifold,thenM is an af�ne manifold.

Proof. Figure6 illustratestheproof by constructinganaf�ne atlas
for theopensurfaceM in (a). Oneboundarymaybeaclosedcurve
or a singlepoint asshown in (a) by a dark spot. We deform(a)
continuouslyto generate(b) by graduallyenlarging the hole. (b)
is homeomorphicto theribbon �gure in (c), which is immersedin
R2. Thenwe cut eachannulusof (c) to geta fundamentaldomain
asshown in (d).

The coloreddisksUa areopensetsof M, anotheropensetU can
be de�ned to cover M n

S
Ua . (d) shows the way U andUa 's are

mappedto R2. It is obvious that all charttransitionfunctionsare
combinationsof translationsandrotations.

For surfaceswith multiple boundaries,we can�ll all of thebound-
arieswith disksexceptone,andtheproof is similar.

Theorem 4 (Af�ne Atlas Induced fr om Conformal Structur e).
Givena closedgenusg surfaceM, a holomorphic1-form w. The
zero setof w is Z, thenthesizeof Z is nomorethan2g� 2 andthere
existsanaf�ne atlasonM nZ deducedbyw.
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Proof. Theexistenceandthenumberof zeropointsZ of theholo-
morphic 1-form w can be proved using Riemann-Rochtheorem
[Jost and Simha1997] or Poicaŕe-Hopf theorem. Becausew =
wx + iwy is holomorphic,wx is a harmonic1-form. Sincewe treat
wx as a vector �eld, the singularitiescan only have negative in-
dices,andthesummationof their indicesequalsto theEulernum-
ber2� 2g. Hence,thegeometricnumberof zeropointsis nomore
than2g� 2.

Supposean opencovering of M n Z is a collection of opensets
f U0;U1; � � � ;g. We requirethat if two opensetsUa ;Ub intersect
eachother, Ua

T
Ub 6= f , thentheir unionUa

S
Ub is a topological

disk. If this requirementcannot besatis�ed,we cansubdivide the
opensetsuntil therequirementis met. Thenwe selectonepoint in
eachUa , denotedaspa 2 Ua , for any point p 2 Ua , we de�ne the
coordinateof p as

f a ( p) =
Z p

pa

w;

wherethepathfrom pa to p is arbitrarily chosen.Thenwe claim
A = f (Ua ; f a )g is anaf�ne atlasfor M nZ.

We want to show for any p 2 Ua
T

Ub, f b( p) = f a ( p) + const,
namely, thecoordinatetransitionfunctionf ab : R2 ! R2 is a trans-
lation. Supposep;q 2 Ua

T
Ub asshown in theabove �gure,

(f b( p) � f a ( p)) � (f b(q) � f a (q)) =
Z p

pb

w�
Z p

pa

w�
Z q

pb

w+
Z q

pa

w;

(9)
BecauseUa

S
Ub is a topologicaldisk, theclosedcurve r = pb !

p ! pa ! q ! pb is homotopicto zero.Becausethecurlex of both
wx andwy arezeros,theabove integrationis zero,

H
r w = 0. There-

foref b( p) � f a ( p) � const for arbitraryp2 Ua
T

Ub, thetransition
functionf ab is a translation.
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Figure7: Key elementsof manifoldsplines:TheparametricdomainM is a triangularmeshwith arbitrarytopologyasshown at thebottom.
ThepolynomialsplinesurfaceF is shown at the top. Two overlappingsplinepatches(f a (Ua );Ca ;Fa ) and(f b(Ub);Cb;Fb) aremagni�ed
andhighlightedin themiddle. On eachparameterchart(Ua ; f a ),(Ub; f b), thesurfaceis a triangularB-splinesurface. For theoverlapping
part,its two planardomainsdiffer only by anaf�ne transformationf ab . Thezeropoint neighboris Z.
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Figure8: A genus3 manifoldspline(M;F;C): (a) Holomorphic1-formw which inducestheaf�ne atlasA; (b) Parametricdomainmanifold
M with singularpointsZ marked;(c) PolynomialsplineF de�ned on themanifoldM in (a); (d) TheredcurvesonsplineF correspondto the
edgesin thedomainmanifoldM; (e)SplineF coveredby controlnetC.


